
Time Evolution with Tensor Networks

QUANTUM FOURIER TRANSFORM... PRX QUANTUM 4, 040318 (2023)

P (π
2 )P (π

4 )P (π
8 )

P (π
2 )P (π

4 )

P (π
2 )

H

H

H

H

H = 1√
2

(
1 1
1 −1

)
P (θ) =

(
1 0
0 eiθ

)

Rn

Qn

FIG. 1. A 4-qubit example of the QFT circuit, i.e., Fn with n =
4, consisting of two parts, Qn and the bit-reversal operation Rn.
Qn can be decomposed into Hadamard gates and controlled phase
gates, with definitions of each given at the bottom.

operator Schmidt decomposition in the context of unitary
operators.

Definition 1.—The operator Schmidt decomposition of
a unitary operator U acting on a bipartite space A ⊗ B
with dimension dim(A ⊗ B) = dim(A)dim(B) = N is a
decomposition of the form

U =
√

N
χ−1∑

k=0

σkAk ⊗ Bk, (4)

where {Ak} and {Bk} are operators acting on A and
B, respectively, each satisfying Tr(A†

kAk′) = δk,k′ and
Tr(B†

kBk′) = δk,k′ , with δk,k′ being the Kronecker delta.
The constant χ is the Schmidt rank and is at most
min(dim(A)2, dim(B)2). The set of non-negative numbers
{σk} are called “Schmidt coefficients,” which in our case
are organized in descending order and are l2 normalized,
i.e., σ0 ≥ σ1 ≥ · · · and

∑
σ 2

k = 1.
Equivalently, the operator Schmidt decomposition can

be interpreted as the Schmidt decomposition of the
vectorized operator |U⟩⟩. The resulting state has norm√

Tr(U†U) =
√

N and thus there is an extra
√

N scalar in
Eq. (4). The Schmidt coefficients represent the operator’s
expressibility as an MPO, which is shown in more detail
in Sec. III. Additionally, it is also a rough estimation of
the operator’s entanglement generation on a state, which is
discussed in Sec. II C and Appendix E.

The exact operator Schmidt decomposition of Fn was
calculated in Refs. [7,8], where both papers showed that
the Schmidt coefficients are uniform. This suggests that
Fn is maximally entangled and its MPO representation
requires a bond dimension growing exponentially with
the number of qubits. Through simulations, however, we
noticed the core part of Fn, the operator Qn, has Schmidt
coefficients decaying exponentially quickly. This was pre-
viously and independently reported in Ref. [9], where the

authors gave numerical evidence that the Schmidt coeffi-
cients decay very fast and the operator can be compressed
to a constant-bond-dimension MPO with exponentially
small error. However, no analytic analysis on the upper
bounds of the Schmidt coefficients was given, and the
underlying reasons for this low-entanglement property
were not studied. In this paper, we fill this gap by proving
the following theorem.

Theorem 1.—(Exponential decay of the QFT’s Schmidt
coefficients). Consider the quantum Fourier transform Qn
defined in Eq. (3) with the order of qubits at the output
reversed. We partition the Hilbert space into A with qubits
1 to j and B with qubits j + 1 to n, so that Qn has the
operator Schmidt decomposition

Qn =
√

2n
min(2j ,2n−j )−1∑

k=0

σ k
n,j Ak

n,j ⊗ Bk
n,j . (5)

It then follows that as n → ∞, for k ≥ 2, σ k
n,j has upper

bound

σ̃ k
j = lim

n→∞
σ k

n,j ≤ 1√
k

exp
(

−2k + 1
2

log
(

4k + 4
eπ

))
.

(6)

Additionally, the following identity holds:

k0∑

k=0

(
σ k

n+1,j

)2
≤

k0∑

k=0

(
σ k

n,j

)2
(7)

for any n, j , and k0.
We prove this theorem in Sec. II B. Roughly, in words,

Eq. (6) says as the qubit number goes to infinity, each
Schmidt coefficient is still bounded by a quantity decay-
ing (more than) exponentially fast. Note this bound is also
independent of j , the partition of the system. Equation (7)
is usually referred to as majorization for eigenvalues of
two matrices, and it says the smaller the system size, the
more concentrated at the beginning the QFT’s Schmidt
coefficients are. This makes sense intuitively because one
would not expect a smaller QFT to contain more entan-
glement. A direct corollary of Theorem 1 is the following
main statement of our paper.

Corollary 1.—(Constant entanglement in the QFT). For
any number of qubits n and partition j , the operator Rényi
entropy of the QFT operator Qn, defined as

Hα(n, j ) = 1
1 − α

log

(
∑

k

(
σ k

n,j

)2α
)

, (8)

is bounded by a constant for all α > 0.
The proof follows directly from plugging in the bounds

from Eq. (6), as the sum converges for any fixed
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Tensor Network Algorithms

An important capability is  
time evolving tensor networks

Algorithms: 
• Time evolving block decimation (TEBD) 
• Time-dependent variational principle (TDVP)

e−iHt |ψ(0)⟩ = |ψ(t)⟩
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e−iHδt nδt = t
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Want to decompose  to keep Trotter Error low in a 
given time step. Use Suzuki-Trotter

e−iHδt

H = ∑
j

hj,j+1

U = e−iHt =
n

∏
k=1

e−iHδt nδt = t

1st Order:    e−iHδt = ∏
i

e−ihi,i+1δt + 𝒪(δt2)

2nd Order:   e−iHδt = ∏
1≤i≤N

e− 1
2 ihi,i+1δt ∏

N≥i≥1

e− 1
2 ihi,i+1δt + 𝒪(δt3)



TEBD algorithm

Tensor Network Algorithms

e−i 1
2 hδt

e−iHδt = ∏
1≤i≤N

e− 1
2 ihi,i+1δt ∏

N≥i≥1

e− 1
2 ihi,i+1δt + 𝒪(δt3)

≈ e−iHδt |ψ(t)⟩ = |ψ(t + δt)⟩
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TEBD = controlled application of one-qubit and two-
qubit gates to an MPS

one-qubit gate is exact

two-qubit gate incurs 
small error controlled 
by bond-dimension <latexit sha1_base64="lsJbgzmpmpNTsMgOk+eNwPFyyTM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NCQRG1Vrbt1dAK0TryA1KNAeVb+G45ikgkpDONZ64LmJ8TOsDCOczivDVNMEkyme0IGlEguq/Wxx6xxdWGWMwljZkgYt1N8TGRZaz0RgOwU2kV71cvE/b5Ca8MbPmExSQyVZLgpTjkyM8sfRmClKDJ9Zgoli9lZEIqwwMTaeig3BW315nXSv6l6z3nho1Fq3RRxlOINzuAQPrqEF99CGDhCI4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gACqI47</latexit>�
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Say we want to act a single-qubit gate on a 
wavefunction in MPS form

Just operate on one tensor:
<latexit sha1_base64="XY2cnXNXLiRPn9LAz8bAsqT/ArI="></latexit>=
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Say we want to act a single-qubit gate on a 
wavefunction in MPS form

Just operate on one tensor:
<latexit sha1_base64="XY2cnXNXLiRPn9LAz8bAsqT/ArI="></latexit>=

Result: same bond 
dimension

Tensor Network Algorithms



Say we want to act two-qubit gate on a 
wavefunction in MPS form

Operate on two tensors:

<latexit sha1_base64="XY2cnXNXLiRPn9LAz8bAsqT/ArI="></latexit>=
destroy 
MPS form 
locally



But can recover MPS form using truncated SVD:

<latexit sha1_base64="XY2cnXNXLiRPn9LAz8bAsqT/ArI="></latexit>=

<latexit sha1_base64="kwU26UZ35rSCaZyKYHzd/HUxiW0="></latexit>'
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But can recover MPS form using truncated SVD:

<latexit sha1_base64="XY2cnXNXLiRPn9LAz8bAsqT/ArI="></latexit>=

<latexit sha1_base64="kwU26UZ35rSCaZyKYHzd/HUxiW0="></latexit>'

<latexit sha1_base64="XY2cnXNXLiRPn9LAz8bAsqT/ArI="></latexit>=

keep top  
    valuesχ

Result:

with loss of 
fidelity 
dependent 
on level of 
truncation

SVD
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TEBD results: electron chain* after removing 
particle on site 1

*Impurity model with uniform hopping and U=6
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Tensor Network Algorithms

TEBD Limitations:

• Entanglement of states generically grows linearly in 
time

• TEBD is limited to nearest-neighbor interactions in 
1D. If we want to apply longer range gates we would 
need SWAP gates

Time-dependent variational principle (TDVP)

• Lets us handle long range interactions



TDVP algorithm

Tensor Network Algorithms

Time evolve via a DMRG-like sweeping procedure

H =

Can be a local or non-local Hamiltonian now

Start with the full Hamiltonian 



TDVP algorithm [1]

Tensor Network Algorithms

H =

Solve the Schrödinger equation in the manifold of MPS of 
fixed bond dimension χ

d |ψ(t)⟩
dt

= − i𝒫|ψ(t)⟩H |ψ(t)⟩

 is the projector onto the tangent space of this 
manifold for the current state
𝒫|ψ(t)⟩

[1]  J. Haegeman et al, TDVP for Quantum Lattices, PRL 107 (2011) 



TDVP algorithm

Tensor Network Algorithms

d |ψ(t)⟩
dt

= − i𝒫|ψ(t)⟩H |ψ(t)⟩

 can be constructed exactly and we Trotterize the 
exponential at the level of the projector, not the 
Hamiltonian, solving the local integral equation that arises 
site by site.

𝒫|ψ(t)⟩

|ψ(t + δt)⟩ = e−i𝒫|ψ(t)⟩Hδt |ψ(t)⟩



TDVP algorithm

Tensor Network Algorithms

<latexit sha1_base64="1CmtRZKGevUIGtPh94YQNsjPyCA="></latexit>

h |

<latexit sha1_base64="1LdAX5Pv3Evao46zhPo616w6ZLE="></latexit>

| i

<latexit sha1_base64="JqEKVIlTD2gZhzazPqU91UlACrs="></latexit>

{effective Hamiltonian 
for single tensor

tensor      being 
evolved

<latexit sha1_base64="aS3xFWtDUFTmrReob0Gn0LNkvHY="></latexit>

 ̃

<latexit sha1_base64="OIEE6V+d88yTAm5Ulx9TNtL+qO8="></latexit>

Ĥ



At each configuration, integrate time forward by 
small amount

Tensor Network Algorithms

Solving:

i
d
dt =

from   t → t + dt ĤEff = ĤEff ⋅=



<latexit sha1_base64="1CmtRZKGevUIGtPh94YQNsjPyCA="></latexit>

h |

<latexit sha1_base64="1LdAX5Pv3Evao46zhPo616w6ZLE="></latexit>

| i

TDVP algorithm

Tensor Network Algorithms

“Sweep” just like in DMRG, but solve a different local optimization 
problem (by integrating the local equation of motion induced by 
the Projected Hamiltonian  )e−i𝒫|ψ(t)⟩Hδt

<latexit sha1_base64="OIEE6V+d88yTAm5Ulx9TNtL+qO8="></latexit>
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TDVP algorithm

Tensor Network Algorithms

• Sweeping algorithm, like DMRG. One-site version 
(fixed bond dimension) and two-site (adaptive bond 
dimension) versions exist. 

• Scales as  for a fixed total time , just like 
TEBD. 

• Handles long-range interactions 

• “State-of-the-art” for time evolving an MPS

𝒪(Lχ3t) t



TDVP and TEBD Applications

What can we do with these time-evolution algorithms?

• Time evolving block decimation (TEBD) 
• Time-dependent variational principle (TDVP)

e−i 1
2 hδt

e−i 1
2 hδt

e−i 1
2 hδt

e−i 1
2 hδt

e−i 1
2 hδt

e−i 1
2 hδt



e−iHt |ψ(0)⟩ = |ψ(t)⟩

Quenches are the immediate use case of TEBD and TDVP 

Algorithm Runtime: 𝒪(Lχ3t)

Out-of-equilibrium physics is a very rich,  
active research topic

TDVP and TEBD Applications



Simulating quantum circuits is possible with TEBD

MPS

× =
MPSQuantum Circuit

Can even sample perfectly  from an  
MPS  in  time

x ∼ P(x) = |⟨x |ψ⟩ |2

|ψ⟩ 𝒪(Lχ3)

• Zhou, EMS, Waintal, "What Limits the Simulation of Quantum Computers?", PRX 10, 041038 (2020) 
• Ayral et al., "DMRG Algorithm for Simulating Quantum Circuits with a Finite Fidelity", PRX Quantum 4, 020304 (2023)

TDVP and TEBD Applications

https://journals.aps.org/prx/abstract/10.1103/PhysRevX.10.041038
https://journals.aps.org/prxquantum/abstract/10.1103/PRXQuantum.4.020304


Imaginary time evolution (TEBD or TDVP)

We can evolve in imaginary time with  to get ground 
states or even thermal states (by evolving an MPO)

t → iβ

TDVP and TEBD Applications

lim
β→∞

e−βH |ψ⟩ = lim
n→∞

n

∏
k=1

e−δβH |ψ⟩ → |ψGS⟩

e−δβH |ψ⟩ =

e− 1
2 hδβ

e− 1
2 hδβ

e− 1
2 hδβ

e− 1
2 hδβ



We can even do finite temperature whilst staying in the pure 
state picture

First observe, for any basis,

<latexit sha1_base64="ncLDpYYJuTGKqEyKv6sykruBOWc="></latexit>
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2 Ĥ |iihi|e�

�
2 Ĥ
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Freedom to 
choose these
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|�ii / e�
�
2 Ĥ |ii

<latexit sha1_base64="aZ0rxAErBal6kUiGugk73hy20zk="></latexit>

/
X

i

|�iih�i|

<latexit sha1_base64="gjzJ9FggZ3+zlmv6z84Rl5YEnTU="></latexit>

� =
1

T

TDVP and TEBD Applications



<latexit sha1_base64="ncLDpYYJuTGKqEyKv6sykruBOWc="></latexit>

e��Ĥ =
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Obtain observables as

an average over 
pure states

<latexit sha1_base64="GIgnlX5tWSG9r/dxSN4UcvNNezk="></latexit>
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We have



choose                                 to "descend" from  

untentangled (zero-entanglement) states 

<latexit sha1_base64="0WYNrExMzBjlMCb8Mvt2vlSLIRo="></latexit>
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Expanding

To give tensor networks their best chance

Unentangled product state

<latexit sha1_base64="P3BoaMvn8xUIqRGUgMNdw3c4exM="></latexit>
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Modestly entangled state
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�
2 Ĥ |iiSolved problem of representing  

(choose      as product states)

One more problem: too many states – 
there are exponentially many        and thus
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Solution: sample over the 
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Algorithm just described named   
minimally entangled typical thermal states (METTS)1,2

<latexit sha1_base64="9UkTek1TnCGVL0KQX5YnQHYSrTY="></latexit>

|�ii / e�
�
2 Ĥ |ii METTS wavefunction

Quantum Monte Carlo where samples are 
entangled wavefunctions, not classical configurations

Classicality of METTS depend on T
high T, classical, 
unentangled

low T, quantum, 
entangled

[1] S.R. White, PRL (2009) 
[2] Stoudenmire, White, NJP (2010)



Minimally entangled typical thermal states (METTS)

Used by researchers here at CCQ to study finite temperature 
electronic systems [1]:

[1] A. Wietek et al, PRX 11 (2021)



Further Applications of TDVP and TEBD

• Open Quantum Systems ρ(t) = exp(ℒt)ρ(0)

• Green’s functions

• OTOCS (Out-of-time ordered correlaters)

• Many more…

• Now lets do some time evolution with ITensorMPS.jl


