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FIG. 1. A 4-qubit example of the QFT circuit, i.e., Fn with n =
4, consisting of two parts, Qn and the bit-reversal operation Rn.
Qn can be decomposed into Hadamard gates and controlled phase
gates, with definitions of each given at the bottom.

operator Schmidt decomposition in the context of unitary
operators.

Definition 1.—The operator Schmidt decomposition of
a unitary operator U acting on a bipartite space A ⊗ B
with dimension dim(A ⊗ B) = dim(A)dim(B) = N is a
decomposition of the form

U =
√

N
χ−1∑

k=0

σkAk ⊗ Bk, (4)

where {Ak} and {Bk} are operators acting on A and
B, respectively, each satisfying Tr(A†

kAk′) = δk,k′ and
Tr(B†

kBk′) = δk,k′ , with δk,k′ being the Kronecker delta.
The constant χ is the Schmidt rank and is at most
min(dim(A)2, dim(B)2). The set of non-negative numbers
{σk} are called “Schmidt coefficients,” which in our case
are organized in descending order and are l2 normalized,
i.e., σ0 ≥ σ1 ≥ · · · and

∑
σ 2

k = 1.
Equivalently, the operator Schmidt decomposition can

be interpreted as the Schmidt decomposition of the
vectorized operator |U⟩⟩. The resulting state has norm√

Tr(U†U) =
√

N and thus there is an extra
√

N scalar in
Eq. (4). The Schmidt coefficients represent the operator’s
expressibility as an MPO, which is shown in more detail
in Sec. III. Additionally, it is also a rough estimation of
the operator’s entanglement generation on a state, which is
discussed in Sec. II C and Appendix E.

The exact operator Schmidt decomposition of Fn was
calculated in Refs. [7,8], where both papers showed that
the Schmidt coefficients are uniform. This suggests that
Fn is maximally entangled and its MPO representation
requires a bond dimension growing exponentially with
the number of qubits. Through simulations, however, we
noticed the core part of Fn, the operator Qn, has Schmidt
coefficients decaying exponentially quickly. This was pre-
viously and independently reported in Ref. [9], where the

authors gave numerical evidence that the Schmidt coeffi-
cients decay very fast and the operator can be compressed
to a constant-bond-dimension MPO with exponentially
small error. However, no analytic analysis on the upper
bounds of the Schmidt coefficients was given, and the
underlying reasons for this low-entanglement property
were not studied. In this paper, we fill this gap by proving
the following theorem.

Theorem 1.—(Exponential decay of the QFT’s Schmidt
coefficients). Consider the quantum Fourier transform Qn
defined in Eq. (3) with the order of qubits at the output
reversed. We partition the Hilbert space into A with qubits
1 to j and B with qubits j + 1 to n, so that Qn has the
operator Schmidt decomposition

Qn =
√

2n
min(2j ,2n−j )−1∑

k=0

σ k
n,j Ak

n,j ⊗ Bk
n,j . (5)

It then follows that as n → ∞, for k ≥ 2, σ k
n,j has upper

bound

σ̃ k
j = lim

n→∞
σ k

n,j ≤ 1√
k

exp
(

−2k + 1
2

log
(

4k + 4
eπ

))
.

(6)

Additionally, the following identity holds:

k0∑

k=0

(
σ k

n+1,j

)2
≤

k0∑

k=0

(
σ k

n,j

)2
(7)

for any n, j , and k0.
We prove this theorem in Sec. II B. Roughly, in words,

Eq. (6) says as the qubit number goes to infinity, each
Schmidt coefficient is still bounded by a quantity decay-
ing (more than) exponentially fast. Note this bound is also
independent of j , the partition of the system. Equation (7)
is usually referred to as majorization for eigenvalues of
two matrices, and it says the smaller the system size, the
more concentrated at the beginning the QFT’s Schmidt
coefficients are. This makes sense intuitively because one
would not expect a smaller QFT to contain more entan-
glement. A direct corollary of Theorem 1 is the following
main statement of our paper.

Corollary 1.—(Constant entanglement in the QFT). For
any number of qubits n and partition j , the operator Rényi
entropy of the QFT operator Qn, defined as

Hα(n, j ) = 1
1 − α

log

(
∑

k

(
σ k

n,j

)2α
)

, (8)

is bounded by a constant for all α > 0.
The proof follows directly from plugging in the bounds

from Eq. (6), as the sum converges for any fixed
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Traditional view of tensor networks = 
many-body quantum wavefunctions

Motivation

But really just linear algebra...in high dimensions

Two surprising directions for tensor networks

Continuum functions
f(s1, s2, s3, s4, s5, s6, s7, s8)

s1 s2 s3 s4 s5 s6 s7 s8

Machine Learning
f(x)



This Talk

• Encoding Continuum Functions as Tensor Networks and  
Algorithms for Tensorized Functions 

• Machine Learning with Tensor Networks 

• Active Learning of Data (Tensor Cross) 

• Tensor Recursive Sketching Algorithm



Representing Functions as 
Tensor Networks

Which functions have 
low "quantum entanglement"?



Any function of discrete variables can be represented as a 
tensor

All values of   insidef
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f(s1, s2, s3, s4, s5, s6) =



= 1.2

=f(1, 2, 2, 2, 1, 2)

1 2 2 2 1 2

Any function of discrete variables can be represented as a 
tensor



= 0.3

=f(2, 2, 2, 2, 2, 1)

2 2 2 2 2 1

Any function of discrete variables can be represented as a 
tensor



= − 0.2

=f(2, 1, 2, 2, 2, 2)

2 1 2 2 2 2

Any function of discrete variables can be represented as a 
tensor



= 2.7

=f(2, 1, 1, 2, 2, 2)

2 1 1 2 2 2

Any function of discrete variables can be represented as a 
tensor



Can functions of continuous variables be 
"tensorized" also?

f(x, y, z) = x2 + 3y + cos(z)

=
?



Yes. Using binary fraction approximation of x ∈ [0,1)

f(x)

f(x) ≈ f(0.b1b2b3b4b5b6) =

b1 b2 b3 b4 b5 b6



Let us understand in more detail...

f(x)

f(x) ≈ f(0.b1b2b3b4b5b6) =

b1 b2 b3 b4 b5 b6



Discretize [0,1) as grid of "binary fractions"

0 1

f(x) =

x ≈
b1
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+ … + +

bn

2n
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bj = 0,1

Quantum Functions



On this grid,  takes valuesf(x)

f( b1

2
+

b2

22
+

b3

23
+

b4

24
+ … + +

bn

2n )

Quantum Functions



f( b1

2
+

b2

22
+

b3

23
+

b4

24
+ … + +

bn

2n )

defining a tensor 

= Fb1b2b3b4⋯bn

all values of  insidef(0.b1b2b3⋯bn)

bj = 0,1

Quantum Functions

On this grid,  takes valuesf(x)



f( b1

2
+

b2

22
+

b3

23
+

b4

24
+ … + +

bn

2n )

Nothing more than "amplitude encoding" idea 
known in quantum computing literature...

= Fb1b2b3b4⋯bn

Quantum Functions

but with low entanglement / low-rank perspective



Examples of  entriesF

0 1
f(0.00000) =

0 0 0 0 0

F

Quantum Functions



Examples of  entriesF

0 1
f(0.10000) =

1 0 0 0 0

1/2F

Quantum Functions



Examples of  entriesF

0 1
f(0.01000) =

0 1 0 0 0

1/4F

Quantum Functions



Examples of  entriesF

0 1
f(0.01001) =

0 1 0 0 1

1/4 + 1/2nF

Quantum Functions



b1

b2

b3

b4

0 1
0 1 0 1

11110 0 0 0
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Quantum Functions

It is a multiscale representation
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Quantum Functions

It is a multiscale representation
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It is a multiscale representation



Key question: for some  

is  low-rank as a tensor network? (i.e. "low entanglement")

f(x)

F

F
≈
?

Otherwise exponential cost

Quantum Functions



Tensor network low rank for: 

• all smooth enough functions [1,2,4] 

• functions with finite number of cusps  
or discontinuities [1,2,4] 

• any Fourier transform of these [3,5]

Low rank for many cases

F
≈

[1] Mazen Ali, Anthony Nouy, Constr Approx 
[2] Mazen Ali, Anthony Nouy, arxiv:2101.11932 

[3] Chen, EMS, White, PRX Quantum, arxiv:2210.08468 
[4] Michael Lindsey, arxiv:2311.12554  (2023) 

[5] Chen, Lindsey, arxiv:2404.03182  (2024)

Quantum Functions



Examples:

<latexit sha1_base64="EWwlsnVMM2ROiIMNuv3tWbxnHxs="></latexit>

cos
⇥
x� 1

2

⇤
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cosines
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Quantum Functions



Also works for 2D, 3D, etc.
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FIG. 2. Green’s function G(k) of the Haldane model, com-
puted with error tolerance ✏ = 10�5 throughout. (a,b) QTCI
of the |G| and its relative error, |GQTCI � G|/|G|, for � = 512,
R = 10. (c,d) Comparison of QTT unfoldings via SVD and
TCI, showing (c) the relative error vs. the maximum bond
dimension for R = 10 and � = 16, 64, 512; and (d) runtimes vs.
R for � = 512. (e,f) QTCI bond dimensions for R = 10, 20, 30,
showing (e) D` vs. ` for � = 512; and (f) Dmax vs. �.

the relative error w.r.t. the exact value is below 10�5

throughout, hence the momentum dependence is cap-
tured accurately. There are small Fermi surfaces around
k = (� 4

3⇡, 0) and symmetry-related k. To construct
QTTs, we define f� = G(k, i⇡/�), where � encodes k
and � is fixed. Figure 2(c) shows the relative in-sample
error as a function of Dmax for TTs constructed with
R = 10 for � = 16, 64, 512, using either SVD or TCI. For
both, the error decreases exponentially as Dmax increases.
Moreover, TCI is nearly optimal, achieving the same error
as SVD for a Dmax that is only a few percent larger.

Figure 2(d) shows how SVD and TCI runtimes depend
on the number of bits, R, for a fixed Dmax at large � = 512,
where the features in G are sharp. The times, including
function evaluations, were measured on a single CPU
core of AMD EPYC 7702P. The SVD runtimes become
prohibitively large for R > 10 due to exponential scaling;
by contrast, the TCI runtimes depend only mildly on R.

Figure 2(e) shows how TCI profiles of D` vs. ` depend
on R, for � = 512 and a specified error tolerance ✏ = 10�5.
The bond dimension initially grows as D` ⇠ 2`, reaches
a maximum near ` ⇡ 20, then decreases back to 1. The
curves for R=20 and 30 almost coincide, indicating that a
good resolution of the sharp features at � = 512 requires
R > 20—well beyond the reach of SVD unfoldings.

The low computational cost of TCI allows us to in-
vestigate the � dependence of Dmax up to � = 1024.
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FIG. 3. Evaluation of the Chern number in the Haldane model
using QTCI for the Berry flux F (k), with error tolerance
✏ = 10�10 throughout. (a) QTCI of F (k) on the integration
domain (circles mark peak positions); (b) cuts through F (k)
along the colored lines shown in (a) and (c) errors for F (k) and
C as functions of Dmax, all computed for �m =�10�5, R=20.
(d) Bond dimension D` for QTTs of length R = 10, 12, 14, 20.
(e) Chern number C as a function of �m, for four coices of R.

Figure 2(f) suggests Dmax / �
↵ with ↵ ⇡ 1/2 for large �.

Remarkably, this growth is slower than that, Dmax / �,
conjectured for a scheme based on SVD and patching [4].
A detailed analysis for general models and higher spatial
dimensions is an interesting topic for future research.

Chern number.— Finally, we consider the Chern num-
ber, C, for the Haldane model at µ = 0 and � = 1. To
avoid cumbersome gauge-fixing procedures, we use the
gauge-invariant method described in Ref. [22]. First, we
discretize the Brillouin Zone (BZ) into 2R

⇥2R plaque-
ttes. Then, the Chern number can be obtained from
a sum over plaquettes, C ⇡

1
2⇡i

P
k2BZ F (k), where

F (k) ⇡ �i arg(h k1 | k2ih k2 | k3ih k3 | k4ih k4 | k1i)
is the Berry flux through the plaquette with corners
k1 . . .k4, and | ki are valence band wave functions.

Close to the transition, for small �m = m � mc, the
band gap is 2�m. This induces peaks of width ⇠ �m in
the Berry flux F (k), shown in Figs. 3(a, b) for �m = 10�5.
There, we used a fused quantics representation with R =
20, ensuring a mesh spacing 2�R well smaller than �m.
Whereas a calculation of C via direct summation or SVD
unfolding would require 22R

⇡ 1012 function evaluations,
QTCI is much more e�cient: for a relative tolerance of
✏ = 10�10, it needed only 4⇥105 samples (and 20 s runtime
on a single core of an Apple M1 processor). It yielded a
QTT with maximum bond dimension Dmax = 50, and a
Chern number within 10�6 of the expected value C = �1

1D

2D

Quantum Functions



Explored further at CCQ: tree architectures for functions

Quantum Functions

7

FIG. 4. Comparison of di!erent tree tensor networks for compressing the three dimensional function f(r) =
∑n

j=1 cos(jkj · r)
with n = 30, r = (x, y, z) and kj = (kx

j , k
y
j , k

z
j ) with kω

j → N (0, 1). Error is calculated as ω via Eq.(5), sampling the function

over 103 random grid points. Di!erent trees used are shown at the top. Bits for x, y and z are coloured in green, grey and
light blue respectively and numbered sequentially from most significant to least significant. a) Error versus bond dimension.
Inset shows a heatmap of the function at z = 1

2 . b) Error versus memory requirement for storing the tensor networks —
assuming 8 bytes for a single floating point number. c) Mutual information matrix encoding the correlations between the
binary digits. Calculated by sampling the function 104 times to build up an approximate reduced density matrix for the given
paur of bits. Each dashed block encodes the matrix of correlations between the bits of two given dimensions. d) Absolute error
over one-dimensional slices of the function. Bar chart shows memory requirements on the right for the specified TTN with the
maximum bond dimension of the network also shown. Inset (black line) shows a slice of the function for y = 1/2 and z = 1/2,
with corresponding results for the coupled binary tree tensor network at ε = 18.

commonly used, digit orderings (interleaved and sequential) and a tree consisting of three separate binary trees, one
for each dimension, coupled together at their roots (where the most significant bits are placed). Here we find that this
coupled binary tree tensor network (BTTN) is a better ansatz for the function at hand and compresses much more
e!ectively under truncation of the internal bonds. For a fixed memory cost it can achieve orders of magnitude lower
error than the trains. For instance, it is able to represent the function with an error ω → 10→6 with a bond dimension
of ε = 15 whilst the tensor trains each require a bond dimension of ε = 30 to reach such an error. As n = 30 the
function can be represented exactly on any network with a bond dimension ε = 30 and thus this shows that the
tensor trains are an ine!ective representation. In Fig. 4d) we show the absolute error over multiple one-dimensional
slices of the function of the tree TTNs for fixed bond dimensions. Despite having a slightly lower memory cost than
the tensor trains, the error in the BTTN is consistently several orders of magnitude lower than them.

To support our analysis, we also compute the correlation measure M(xA, xB) between two binary digits xA = xi,j

and xB = xi→,j→ for a given function f(x) by interpreting the function values as coe”cients of a wavefunction and
computing the quantum mutual information M(xA, xB) [50] by building an approximate representation of the two-
body reduced density matrix ϑA,B via sampling of the function (see Supplementary Material for calculcation details).
The value of M(xA, xB) is a good proxy for the correlations between the two bits and the larger this value the closer
bits xA and xB will need to be in the tensor network in order to accurately encode their correlations with a fixed
bond dimension. The plot of the mutual information matrix in Fig. 4c show that the most significant binary digits
are strongly correlated with the other significant bits within their dimension and with those in other dimensions.
Meanwhile, the least significant bits are typically correlated only with bits within their respective dimension. These
lead us to understand why the structured tree is far more e!ective: it keeps the more significant bits in a given
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sequential
binary tree (BTTN)

Ryan Levy Joey Tindall

"Compressing multivariate functions with tree tensor networks", arxiv:2410.03572



Quantum Functions

What about algorithms for "tensorized" functions?



By now, many algorithms known for 
tensor network functions [1]

Quantum-Inspired Algorithms

• active learning of functions [2] 

• integration [3] 

• solving partial differential equations [4,5,6,7] 

• Fourier transform and convolutions [8,6,13] 

• find extrema (global min & max) without gradients [9] 

• interpolation [1] & extrapolation of functions [10] 

• perfect sampling [11,12]

[1] Garcia-Ripoll, Quantum 5, 431 (2021) 
[2] Dolgov, Savostyanov, Computer Physics Communications, 246, 106869 (2020) 

[3] Khoromskij, Constr Approx 34, 257–280 (2011) 
[4] Khoromskij, arxiv:1408.4053 

[5] Gourianov et al., Nature Computational Science 2, 30–37 (2022) 
[6] Shinaoka et al., Phys. Rev. X 13, 021015 (2023) 

[7] Ye, Loureiro, Phys. Rev. E 106, 035208 (2022) 
[8] Chen, EMS, White, PRX Quantum, arxiv:2210.08468 

[9] Chertkov et al., arxiv:2209.14808 
[10] Lin, White, arxiv:2308.09001 

[11] White, EMS, New J. Phys 12, 055026 (2010) 
[12] Ferris, Vidal, Phys. Rev. B 85, 165146 (2012) 

[13] Chen, Lindsey, arxiv:2404.03182  (2024)
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By now, many algorithms known for 
tensor network functions [1]



Quantum-Inspired Algorithms

∑
b1,b2,…

1
2n

f( b1

2
+

b2

22
+

b3

23
+

b4

24
+ … + +

bn

2n )

= ∑
b1,b2,…

1
2n

Fb1b2b3b4⋯bn

Integration of a tensorized function

∫
1

0
dx f(x) ≈

=
F

= [1/2
1/2]

≈
Cost: 
nχ2 = log(N) χ2



function integrate(psi::MPS) 
  I = ITensor(1.) 
  for (j,s) in enumerate(siteinds(psi)) 
    I *= (psi[j]*ITensor([1/2,1/2],s)) 
  end 
  return scalar(I) 
end

Quantum-Inspired Algorithms

Integration of a tensorized function

∫
1

0
dx f(x) ≈

Entire integration code in 5 lines of ITensor



Quantum-Inspired Algorithms

• active learning of functions [2] 

• integration [3] 

• solving partial differential equations [4,5,6,7] 

• Fourier transform and convolutions [8,6,13] 

• find extrema (global min & max) without gradients [9] 

• interpolation [1] & extrapolation of functions [10] 

• perfect sampling [11,12]
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[3] Khoromskij, Constr Approx 34, 257–280 (2011) 
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[10] Lin, White, arxiv:2308.09001 

[11] White, EMS, New J. Phys 12, 055026 (2010) 
[12] Ferris, Vidal, Phys. Rev. B 85, 165146 (2012) 

[13] Chen, Lindsey, arxiv:2404.03182  (2024)

By now, many algorithms known for 
tensor network functions [1]



Given a diff. eq. such as wave equation
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@2

@x2
f(x) = �k2f(x)

Can encode as tensor network equation
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= �k2
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f(x)

Use DMRG algorithm to efficiently find eigenvector 
or can time step

Quantum-Inspired Algorithms



Finite-difference formula for 
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@2

@x2

translates into exact expression for  
low-rank matrix product operator (MPO) tensor network

rank is 3

Basically: forward binary adder, backwards binary adder, 
plus constant =  (xj+1 − 2xj + xj−1)/a2

Quantum-Inspired Algorithms

Lubasch, Moinier, Jaksch, J. Comp. Phys. 372, 587 (2018)



Application: Fluid mechanics

Quantum-Inspired Algorithms
ARTICLESNATURE COMPUTATIONAL SCIENCE

such that all values of d99 in Fig. 1c are contained within the blue-
shaded area M corresponding to d(n) = min

(
� 3D(n), 207

)
 in 

equation (2). Because �99 is much smaller than the upper vertex of 

the area D at �3D(4) = 212, the interscale correlations of DNS solu-
tions are far from being saturated (more details on the Schmidt 
coefficients are provided in Supplementary Section 1).

Next we investigate how the maximal Schmidt number �99 scales 
with the Reynolds number Re (Fig. 1d). We find that �99 saturates 
in the 2D case for Re � 200. This suggests that interscale correla-
tions of 2D flows are bounded, in analogy to quantum correla-
tions in gapped 1D quantum systems with local interactions18. In 
the 3D case, �99 increases according to a power law. The NVPS for 
d(n) = min

(
� 3D(n), χ

99

)
 scales as ∼ χ

2

99

logM (Supplementary 
Section 2). Kolmogorov’s theory3 states that the number of grid 
points M = 8N must scale with the Reynolds number according to 
M ~ (!/�)3 ~ Re9/4 to resolve all spatial scales. This implies that the 
NVPS of M only scales as ∼ Re

1.42

log Re, which is a substantially 
slower increase with Re compared to the NVPS of DNS, ~M ~ Re9/4.

Tensor network algorithm. The previous results demonstrate that 
it is beneficial to find a representation of flow fields where limiting 
the amount of interscale correlations directly translates into a reduc-
tion of the NVPS. This can be achieved by expressing each veloc-
ity component in a compressed tensor network format known as a 
matrix product state (MPS) or tensor train decomposition13,14,25,26. 
Our MPS encoding of function values is chosen such that it is con-
sistent with the decomposition in equation (2) (Supplementary 
Section 2). It comprises products of N matrices Aω

n with dimension 
d(n � 1) � d(n), where 2N is the number of grid points in each spa-
tial direction, n = 1, …, N and d(0) = d(N) = 1 (refs. 27,28). The matrix 
A

ω

n is associated with a length scale Lbox/2n, and its dimension d(n) 
controls the maximum amount of correlations allowed between 
neighboring scales. The nearest-neighbor correlations are mediated 
directly by each matrix product, while correlations between further 
distant length scales can only be captured indirectly by traversing 
several matrix products. These properties make MPS well suited 
for the description of scale-local turbulent flows where correlations 
between vastly different length scales are expected to be small.

Here we consider MPSs of bond dimension � where we set 
d(n) = min

(
� 2D(n), χ

)
 in 2D and d(n) = min

(
� 3D(n), χ

)
 in 3D. 

The bond dimension � controls the level of compression in the MPS 
format. For example, the interscale correlations captured by an MPS 
with bond dimension � = 25 (� = 207) are represented by the blue-
shaded area in Fig. 1b (Fig. 1c). If � is kept constant as N increases, 
the number of MPS parameters scales logarithmically with the total 
number of grid points, resulting in an exponential reduction of the 
NVPS compared to DNS. However, we emphasize that this reduc-
tion does not truncate the range of length scales covered by the MPS 
ansatz—it only limits the amount of interscale correlations.

To fully utilize this dimensionality reduction for numerical sim-
ulations on large grids, we devise an algorithm for solving the INSE 
without leaving the compressed MPS manifold M (Matrix prod-
uct state algorithm section in the Methods). We use a second-order 
Runge–Kutta time-stepping scheme and discretize spatial deriva-
tives in the same way as the DNS solver, which utilizes an eighth-
order finite-difference stencil.

Validation of the tensor network algorithm. We now investigate 
how well the dynamics of turbulent flow are captured inside the 
MPS manifold M by comparing our algorithm against DNS for 
different compressions �. Reducing the bond dimension � reduces 
the NVPS. The analog of reducing the bond dimension in tradi-
tional DNS is to perform under-resolved DNS (URDNS), where the 
simulation is carried out on a coarse grid not covering all relevant 
length scales. URDNS can be considered as the most basic form of 
large eddy simulations29–31, where no explicit models are employed 
to account for the disregarded subgrid scales (Direct numerical sim-
ulation algorithm section in the Methods). For a fair comparison 
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Fig. 3 | 3D Taylor–Green vortex. Dynamical simulation of the INSE in 
3D for the Taylor–Green vortex and Re!=!800, as defined in the Set-up 
of numerical experiments section in the Methods. a, Vortical structures 
rendered using the standard �2 method51 are shown at times t/T0!=!0.2, 0.8, 
1.4 and 2 (left to right). The top row is for DNS on a 28!�!28!�!28 grid. Rows 
2–4 are for MPS simulations with different �, and the bottom three rows 
are for URDNS on cubic grids as indicated. b, The enstrophy �(t) (asterisks, 
crosses and circles) and the energy dissipation �(t) (lines) as a function of 
time, with E0 being the total energy at t!=!0.
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such that all values of d99 in Fig. 1c are contained within the blue-
shaded area M corresponding to d(n) = min

(
� 3D(n), 207

)
 in 

equation (2). Because �99 is much smaller than the upper vertex of 

the area D at �3D(4) = 212, the interscale correlations of DNS solu-
tions are far from being saturated (more details on the Schmidt 
coefficients are provided in Supplementary Section 1).

Next we investigate how the maximal Schmidt number �99 scales 
with the Reynolds number Re (Fig. 1d). We find that �99 saturates 
in the 2D case for Re � 200. This suggests that interscale correla-
tions of 2D flows are bounded, in analogy to quantum correla-
tions in gapped 1D quantum systems with local interactions18. In 
the 3D case, �99 increases according to a power law. The NVPS for 
d(n) = min

(
� 3D(n), χ

99

)
 scales as ∼ χ

2

99

logM (Supplementary 
Section 2). Kolmogorov’s theory3 states that the number of grid 
points M = 8N must scale with the Reynolds number according to 
M ~ (!/�)3 ~ Re9/4 to resolve all spatial scales. This implies that the 
NVPS of M only scales as ∼ Re

1.42

log Re, which is a substantially 
slower increase with Re compared to the NVPS of DNS, ~M ~ Re9/4.

Tensor network algorithm. The previous results demonstrate that 
it is beneficial to find a representation of flow fields where limiting 
the amount of interscale correlations directly translates into a reduc-
tion of the NVPS. This can be achieved by expressing each veloc-
ity component in a compressed tensor network format known as a 
matrix product state (MPS) or tensor train decomposition13,14,25,26. 
Our MPS encoding of function values is chosen such that it is con-
sistent with the decomposition in equation (2) (Supplementary 
Section 2). It comprises products of N matrices Aω

n with dimension 
d(n � 1) � d(n), where 2N is the number of grid points in each spa-
tial direction, n = 1, …, N and d(0) = d(N) = 1 (refs. 27,28). The matrix 
A

ω

n is associated with a length scale Lbox/2n, and its dimension d(n) 
controls the maximum amount of correlations allowed between 
neighboring scales. The nearest-neighbor correlations are mediated 
directly by each matrix product, while correlations between further 
distant length scales can only be captured indirectly by traversing 
several matrix products. These properties make MPS well suited 
for the description of scale-local turbulent flows where correlations 
between vastly different length scales are expected to be small.

Here we consider MPSs of bond dimension � where we set 
d(n) = min

(
� 2D(n), χ

)
 in 2D and d(n) = min

(
� 3D(n), χ

)
 in 3D. 

The bond dimension � controls the level of compression in the MPS 
format. For example, the interscale correlations captured by an MPS 
with bond dimension � = 25 (� = 207) are represented by the blue-
shaded area in Fig. 1b (Fig. 1c). If � is kept constant as N increases, 
the number of MPS parameters scales logarithmically with the total 
number of grid points, resulting in an exponential reduction of the 
NVPS compared to DNS. However, we emphasize that this reduc-
tion does not truncate the range of length scales covered by the MPS 
ansatz—it only limits the amount of interscale correlations.

To fully utilize this dimensionality reduction for numerical sim-
ulations on large grids, we devise an algorithm for solving the INSE 
without leaving the compressed MPS manifold M (Matrix prod-
uct state algorithm section in the Methods). We use a second-order 
Runge–Kutta time-stepping scheme and discretize spatial deriva-
tives in the same way as the DNS solver, which utilizes an eighth-
order finite-difference stencil.

Validation of the tensor network algorithm. We now investigate 
how well the dynamics of turbulent flow are captured inside the 
MPS manifold M by comparing our algorithm against DNS for 
different compressions �. Reducing the bond dimension � reduces 
the NVPS. The analog of reducing the bond dimension in tradi-
tional DNS is to perform under-resolved DNS (URDNS), where the 
simulation is carried out on a coarse grid not covering all relevant 
length scales. URDNS can be considered as the most basic form of 
large eddy simulations29–31, where no explicit models are employed 
to account for the disregarded subgrid scales (Direct numerical sim-
ulation algorithm section in the Methods). For a fair comparison 
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3D for the Taylor–Green vortex and Re!=!800, as defined in the Set-up 
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rendered using the standard �2 method51 are shown at times t/T0!=!0.2, 0.8, 
1.4 and 2 (left to right). The top row is for DNS on a 28!�!28!�!28 grid. Rows 
2–4 are for MPS simulations with different �, and the bottom three rows 
are for URDNS on cubic grids as indicated. b, The enstrophy �(t) (asterisks, 
crosses and circles) and the energy dissipation �(t) (lines) as a function of 
time, with E0 being the total energy at t!=!0.
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Figure 1: Solutions to the 3D Navier-Stokes equations for the Taylor-Green vortex config-
uration. Shown from left to right are results for times t/T0 = 0.2, 0.8, 1.4, 2.0 where T0 is a
characteristic time scale. The upper row shows results obtained via precise direct numerical
simulation (DNS) while the lower row shows results obtained using quantum-inspired tech-
niques based on matrix product states (MPS) of maximum bond dimension or rank � = 192.
(Taken from the highlighted paper; Copyright Springer Nature Ltd. (2022).)

States of this type turn out to have low entanglement for a wide class of functions f(x)
[2]. For example, both the functions f(x) = eikx and f(x) = �(x � k) give states |fi with
precisely zero entanglement, while many other smooth functions have entanglement rather
less than a typical ground state of a many-body Hamiltonian. Some functions require more
entanglement though, such as momentum-space Green’s functions for systems with large
Fermi surfaces [5] and 3D Navier-Stokes flows with high Reynolds numbers [1]—see more
below.

States with low entanglement can be represented compactly using tensor networks such
as matrix product states (MPS), originally developed for solving quantum condensed-matter
physics problems, as well as tasks like simulating quantum computers. An MPS representa-
tion of an n-qubit quantum state approximately factorizes the state into n tensors, contracted
together with “virtual” or bond indices that run over � values. The size of � determines
how entangled a state the MPS can represent and how costly they are to store and perform
computations with. Di↵erential operators such as @2/@x2 can also be easily represented
(as “MPO” tensor networks). Powerful algorithms for time evolving (such as “TDVP”) or
solving eigenvalue problems (such as “DMRG”) turn out to be essentially the same in the
continuum setting. The generalization to multiple variables is straightforward, and is just
an MPS with two physical indices on each tensor for a 2D function f(x, y) or three physical
indices for a 3D function f(x, y, z) and so on.

Let us pause to note how remarkable this is: for decades, tensor networks have been used
primarily for representing quantum many-body states which are high-dimensional functions
of discrete variables  (s1, s2, s3, . . . , sn) where the sj = 1, 2, ..., d could be spins or particle
occupations. It turns out they are just as good, if not better, at representing low-dimensional,
continuous functions f(x) too. For continuous functions, the meaning of entanglement turns
out to be rather di↵erent, and captures correlations between scales rather than correlations
between the left and right halves of a quantum system.

2

Navier-Stokes equation: 
Rank  determined by  
Reynolds number [1] 

χ

[1] Gourianov et al., Nature Comp. Sci., 2, 30-37 (2022) 
[2] Ye, Loureiro, PRE 106, 035208 (2022)

QUANTUM-INSPIRED METHOD FOR SOLVING THE … PHYSICAL REVIEW E 106, 035208 (2022)

FIG. 5. Buneman instability. (a)–(c) Distribution functions of the ions and electrons at normalized time t = 80 obtained without compres-
sion, a bond dimension of D = 64, and a bond dimension of D = 32, respectively, using the S3 ordering. (d) Electric-field energy density for
different levels of compression. The curve in dotted black is obtained using GKEYLL for an external reference. (e) Electric-field energy density
in the nonlinear regime for different MPS orderings (f), (g) Relative error in the electric field for different compression levels and different
MPS orderings. Note that the interleaved orderings have larger error in the linear growth regime but perform better in the nonlinear regime.
(h), (i) Rms error of the ion and electron distribution function after compression of the exact (uncompressed) results to D = 32 at each time
step, evaluated for different MPS orderings.

function develops an unphysical wiggle at around x = −150
[see Fig. 7(b)]. Reducing the time step does not improve
performance, and while adding collisions can delay the on-
set of the failure, the collision rates required for stability at
long times are too large as they would affect the observed
dynamics. This test case is likely more sensitive to compres-
sion errors than the previous tests because the error generates
a finite charge density in regions where it should be zero,
which can grow over time. Thus, while compression errors
of the ion and electron distribution functions may be of a
tolerable amount, the relative error of the charge density at
each point in space is much larger. Therefore, unsurprisingly,
the MPS algorithm as presented is less advantageous for
problems where high accuracy in the distribution functions
is required. However, we still are able to obtain stable and
reasonably accurate results with a bond dimension of D = 64,
which is just an eighth of the maximum possible bond
dimension.

Note that the observed results are specific to the RK4 time
evolution scheme used. Alternative time evolution schemes
might yield more compressible distribution functions if the

methods generate less numerical noise, and also may be more
robust to the introduced compression errors. Investigations on
this topic are ongoing.

V. DISCUSSION

The above results suggest that MPS methods can efficiently
represent solutions to the Vlasov-Poisson equation in 1D1V,
and that one can also use a compressed finite difference time
evolution scheme to solve for the dynamics of the plasma
with reduced cost while still capturing its important features.
In most cases, we find that one can generally compress the
MPS representation of the ion and electron distribution func-
tions to a bond dimension of about Dcompete = d (Lx+Lv )/3 and
still determine the energy of the electric field within 10%
of that obtained without any compression. We estimate this
amount of compression to be enough for MPS to begin to
be competitive with sparse matrix-vector multiplication meth-
ods. Meeting this benchmark now is encouraging, since we
expect MPS methods to exhibit more speed-up for higher-
dimensional systems. We also find that even smaller bond

035208-9

Plasma flows: 
(Vlasov-Poisson equation) [2] 



Quantum-Inspired Algorithms

• active learning of functions[2] 

• integration [3] 

• solving partial differential equations [4,5,6,7] 

• Fourier transform and convolutions [8,6,13] 

• find extrema (global min & max) without gradients [9] 

• interpolation [1] & extrapolation of functions [10] 

• perfect sampling [11,12]
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[3] Khoromskij, Constr Approx 34, 257–280 (2011) 
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By now, many algorithms known for 
tensor network functions [1]



Tensor Cross Interpolation

How do we get an complicated function  
into a tensor network? 

Using tensor cross interpolation algorithm

queryable 
function

f(s1, s2, s3, s4, s5, s6, s7, s8)

≈

entire function f
MPS 
approximation

s1 s2 s3 s4 s5 s6 s7 s8

I. Oseledets and E. Tyrtyshnikov, Linear Algebra Appl. 432, 70 (2010)



It is an "active learning" algorithm

Tensor Cross Interpolation

f(x)

query values

suggest better points via 
interpretable linear algebra



Live demo – learning a 1D function:

<latexit sha1_base64="2U3RKp3A50dqOTqO6GNDYxb/QDs="></latexit>

f(x) =

NgX

g=1

age
�wg(x�xg)

2
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+ 0.4 ·⇥(x)

40 Gaussians, random location, width, & height 
+ a sharp step at 0.4

Tensor Cross Interpolation



Next demo: 2D function and optima

50 2D Gaussians, random location, width, & height

Tensor Cross Interpolation



How were optima (global min and max) found?

Very interesting proposal called "TTOpt" [1,2]

Claim: tensor interpolation usually  
"encounters" global min and max [1]

[1] Sozykin, Chertkov, Schutski, Phan, Cichocki, Oseledets, TTOpt, NeurIPS (2022) 
[2] Chertkov, Ryzhakov, Novikov, Oseledets, arxiv:2209.14808

Tensor Cross Interpolation



TCI method used to 
learn and sum entire orders of Feynman diagrams* 

* Nunez Fernandez, et al. Phys. Rev. X 12, 041018 (2022)

Solve quantum dots to long times, as post-processing

Nunez- 
Fernandez

Waintal Parcollet Kaye

Tensor Cross Interpolation



Fun paper using TTOpt to 
control a real robot arm! *

3

(a)

Figure 1. Solutions from TTGO for motion planning of a
manipulator from a given initial configuration (white) to a final
configuration (dark). The obtained joint angle trajectories result
in different paths for the end.effector which are highlighted by
dotted curves in different colors. The multimodality is clearly
visible from these solutions.

planning problems with manipulators. In Section 6 and 7,
we conclude the paper by discussing how our approach could
lead to new ways of solving a variety of problems in robotics.
We also discuss here the limitations and future work.

2 Related work

This work intersects with several research directions. Firstly,
we target robotics applications that are formulated as
optimization problems. Our framework provides a way to
predict a good initialization for the optimization solver.
At the same time, it also provides a principled way to
obtain multiple solutions of a given optimization problem.
Finally, the proposed framework relies on tensor methods.
We discuss each topic briefly in this section.

2.1 Optimization in Robotics
Many problems in robotics are formulated as optimization
problems. For example, recent work in motion planning
relies on trajectory optimization to plan the robot motion
(e.g., CHOMP (Zucker et al. 2013), STOMP (Kalakr-
ishnan et al. 2011), TrajOpt (Schulman et al. 2014),
GPMP (Mukadam et al. 2018)). Inverse kinematics for
high dimensional robots is usually formulated as nonlinear
least squares optimization (Sugihara 2011) or Quadratic
Programming (QP) (Escande et al. 2010). In control,
optimization-based controllers take the form of Task Space
Inverse Dynamics (TSID) controller formulated as QP prob-
lem (Del Prete and Mansard 2016), or finite horizon optimal
control (Mastalli et al. 2020; Kleff et al. 2021). The opti-
mization framework offers a convenient way to transfer the
high-level requirement (e.g., energy efficiency, maintaining
orientation) to cost functions or constraints. Furthermore, the
availability of off-the-shelf optimization solvers and tools for
automatic gradient computations allow researchers to focus
more on the problem formulation.

However, most of the solvers used in robotics are
local optimizers whose performance depend highly on
the initialization, especially since most robotics problems
are highly non-convex. Even state-of-the-art solvers such
as TrajOpt can fail on a simple problem with poor
initialization (Lembono et al. 2020b). The initialization
determines both the convergence speed, the solution quality,
and the success rate of the solver. This motivates further
research on how to predict good initialization for a given
optimization problem.

2.2 Predicting good initialization
A majority of works that attempt to predict good
initialization rely on a database approach, often called
trajectory library (Stolle and Atkeson 2006) or memory of
motion (Mansard et al. 2018). The idea is to first build
a database of precomputed solutions offline. This database
can be constructed from expert demonstrations (Stolle et al.
2007), using the optimization solver itself (Jetchev and
Toussaint 2009), or using the combination of a global
planner and the optimization solver (Dantec et al. 2021).
Once the database is constructed, we can predict a good
initial guess (i.e., a warm start) for a given task by
formulating it as a regression problem that maps the task
to the initial guess. We can then use the database to train
different function approximation techniques (e.g. k-Nearest
Neighbors, Gaussian Process Regression, Gaussian Mixture
Regression, Neural Network) to learn this map. During
online execution, we query the function approximator to
provide us with the initial guess of a given problem.
While the formulation is easy to implement, especially
since there are many function approximators easily available,
the database approach suffers from two main issues: non-
convexity and multimodality.

Firstly, the database approach requires computing good
solutions to be stored in the database. With the complexity of
general robotics problems, computing the solutions is often
not trivial. The database ideally covers the whole range of
possible tasks, but many tasks are difficult to solve without a
good initialization to the solver. Some work overcome this by
relying on a global planner to provide the good initialization
when building the database (Dantec et al. 2021; Lembono
et al. 2020a), but it remains difficult to cover the whole
solution space efficiently.

Assuming we have access to a suitable database and
are prepared to train function approximators, we must take
into account the fact that many robotics problems have
multiple solutions, making it challenging for most function
approximators to accurately approximate this one-to-many
mapping. Often, such approximators tend to average the
different solutions, resulting in poor predictions. Several
attempts have been proposed to handle the challenge of
multimodal prediction using techniques such as Gaussian
Mixture Regression (Lembono et al. 2020b) or Mixture
Density Networks (Brudermüller et al. 2021). While these
attempts improve standard function approximators, these
approaches still exhibit averaging behaviors that can lead to
suboptimal predictions. One of the reasons for this is the
difficulty in constructing a suitable database. For example,
for mixture models to work effectively, the database must
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Figure 2. For a given matrix P (top-left), suppose we know r
independent columns indexed by i2 = (i2,1, . . . , i2,r), i.e.,
P:,i2 2 Rn1⇥r and r independent rows indexed by
i1 = (i1,1, . . . , i1,r), i.e., Pi1,: 2 Rr⇥n2 , with their intersection
Pi1,i2 2 Rr⇥r being nonsingular. Then, by skeleton
decomposition we have P̂ = P:,i2P

�1
i1,i2

Pi1,:. If rank(P ) = r,
then P̂ = P (bottom row). For r < rank(P ) we obtain a
quasi-optimal approximation, P̂ ⇡ P (middle row). The right
figures show the rows and columns selected from the original
matrix by the cross approximation algorithm to find the skeleton
decomposition.

with high probability (Goreinov et al. 2010). This
is very useful for TTGO as we are interested in
finding the maxima from a tensor (discrete analogue
of a probability density function) and the skeleton
decomposition preserves this information.

• Cross approximation algorithms directly find the
factors without computing and storing the whole
matrix.

3.5 Tensor Train Decomposition
Similar to matrix factorization, tensor factorization allows
us to represent a tensor by its factors. Among the popular
factorization techniques, we concentrate in this work on
the Tensor Train (TT) decomposition. TT decomposition
encodes a given tensor compactly using a set of third-
order tensors called cores. A d-th order tensor P 2

Rn1⇥···⇥nd in TT format is represented using a tuple of
d third-order tensors (P1, . . . ,Pd). The dimension of the
cores are given as P1

2 R1⇥n1⇥r1 ,Pk
2 Rrk�1⇥nk⇥rk ,

k 2 {2, . . . , d�1}, and Pd
2 Rrd�1⇥nd⇥1 with r0 = rd =

1. As shown in Figure 3, the i-th element of the tensor in this
format, with i 2 I = {(i1, . . . , id) : ik 2 {1, . . . , nk}, k 2

{1, . . . , d}}, is simply given by multiplying matrix slices
from the cores:

Pi = P1
:,i1,:P

2
:,i2,: · · ·P

d
:,id,:, (6)

where Pk
:,ik,: 2 Rrk�1⇥rk represents the ik-th frontal slice

(a matrix) of the third-order tensor Pk. The dimensions of
the cores are such that the above matrix multiplication yields
a scalar. The TT-rank of the tensor in TT representation
is then defined as the tuple r = (r1, r2, . . . , rd�1). We
call r = max (r1, . . . , rd�1) as the maximal rank. For any

given tensor, there always exists a TT decomposition (6)
(Oseledets 2011).

Similarly to (5), we can also obtain a continuous
approximation of the function P as

P (x1, . . . , xd) ⇡ P 1(x1) · · ·P
d(xd), (7)

where P k(xk), k 2 {1, . . . , d} is obtained by interpolating
each of the core, analogously to the matrix example in (4)
(see Appendix A.1 for more detail). We overload the
terminology again to define the continuous TT representation
as

Px = P (x1, . . . , xd), 8x 2 ⌦x.

Due to its structure, the TT representation offers
several advantages for storage and computation. Let n =
max(n1, . . . , nd). Then, the number of elements in the TT
representation is O(ndr2) as compared to O(nd) elements
in the original tensor. For a small r and a large d,
the representation is thus very efficient. As explained in
Section 3.3, the existence of a low-rank structure (i.e., a small
r) of a given tensor is closely related to the separability of the
underlying multivariate function. Although separability of
functions is not a very well understood concept, it is known
that smoothness and symmetry of functions often induces
better separability of the functions. By better, we mean
fewer low-dimensional functions in the sum of products
representation. The degree of smoothness can be formally
defined using the properties of higher-order derivatives,
however, roughly speaking, it implies the degree of variation
of the function across its domain. For example, a probability
density function in the form of a Gaussian Mixture Model
(GMM) is considered to become less smooth as the number
of mixture components (i.e., multi-modality) increases or the
variance of the component Gaussians decreases (i.e., sharper
peaks).

3.6 TT-Cross
The popular methods to find the TT decomposition of a
tensor are TT-SVD (Oseledets 2011), TT-DMRG (Dolgov
and Savostyanov 2020), and TT-cross (Savostyanov and
Oseledets 2011). TT-SVD and TT-DMRG, like matrix SVD,
require the full tensor in memory to find the decomposition,
and hence they are infeasible for higher-order tensors.
TT-cross approximation (TT-cross) is an extension of the
cross approximation technique explained in Section 3.4 for
obtaining the TT decomposition of a tensor. We refer the
readers to Oseledets and Tyrtyshnikov (2010); Savostyanov
and Oseledets (2011) for more detail on how the matrix
cross-approximation algorithm described in Section 3.4 can
be adapted to find the TT decomposition using TT-cross. It is
appealing for many practical problems as it approximates the
given tensor with a controlled accuracy, by evaluating only a
small number of its elements and without having to compute
and store the entire tensor in the memory. The method needs
to compute only certain fibers of the original tensor at a time
and hence works in a black-box fashion.

Suppose we have a function P and its discrete analogue P
(a tensor). Given the desired accuracy for the approximation
✏, TT-cross returns an approximate tensor in TT format P̂ =
TT-cross(P, ✏) to the tensor P by querying only a portion
of its elements (O(ndr2) evaluations instead of O(nd)).
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Figure 3. TT decomposition is an extension of matrix decomposition techniques to higher dimensional arrays. With a matrix
decomposition, we can access an element of the original matrix by multiplying appropriate rows or columns of the factors. Similarly,
an element of a tensor in TT format can be accessed by multiplying the selected slices (matrices represented in red color) of the
core tensors (factors). The figure depicts examples for a 2nd order, 3rd order, and a 4th order tensor.

The maximal TT-rank r is determined by the algorithm
depending on the ✏ specified. The model is very efficient if
the rank r of the tensor is low, which is typically the case
in many engineering applications, including robotics. Thus,
TT-cross avoids the need to compute and store explicitly the
original tensor, which may not be possible for higher-order
tensors. It only requires computing the function P that can
return the elements of the tensor P at various query points,
i.e., the fibers of the tensor P .

3.7 TT Distribution
Suppose we use the tensor P in TT format to approximate
an unnormalized probability density function P within the
discretization set X of the domain ⌦x. We can then construct
the corresponding probability distribution that we call TT
distribution,

Pr(x) =
|Px|

Z
, x 2 ⌦x, (8)

where Z is the corresponding normalization constant.
Alternatively, we could also define the TT distribution to
be Pr(x) = P2

x
Z . All the techniques, such as conditional

sampling and prioritized sampling, used in this paper can
also be adapted to this distribution. However, for simplicity
of presentation, we do not consider it here.

Due to the separable structure of the TT model, we
can get the exact samples from the TT distribution in
an efficient manner without requiring to compute the
normalization factor Z. In the next section, we provide
details about sampling from the above distribution for the

discrete case x 2 X which is adapted from a continuous
version introduced in Dolgov et al. (2020).

3.8 Sampling from TT distribution
Consider a probability distribution given by (8). For the
simplicity of the presentation, we assume Z = 1 as we
will not require the normalization constant to be known for
sampling from the above distribution. The distribution can be
expressed as a product of conditional distributions

Pr(x1, . . . , xd) = Pr1(x1)Pr2(x2|x1) · · ·

· · · Prd(xd|x1, . . . , xd�1),

where

Prk(xk|x1, . . . , xk�1) =
�k(x1, . . . , xk)

�k�1(x1, . . . , xk�1)

is the conditional distribution defined using the marginals

�k(x1, . . . , xk) =
X

xk+1

· · ·

X

xd

Pr(x1, . . . , xd).

Let �0 = 1. Now, using the above definitions, we
can generate samples x ⇠ Pr by sampling from each
of the conditional distributions in turn. Each conditional
distribution is a function of only one variable, and in the
discrete case it is a multinomial distribution, with

xk ⇠ Prk(xk|x1, . . . , xk�1), 8k 2 {1, . . . , d}

However, this is computationally intensive as sampling
xk requires the conditional distribution Prk which in
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Figure 11. The motion from the initial configuration to the final
configuration in the real robot implementation of one of the
TTGO solutions for the reaching task.

Figure 12. Real robot implementation of one of the TTGO
solutions for the pick-and-place task. The motion from the initial
configuration to the final configuration (same as the initial
configuration in this case) via the picking configuration and
placing configuration is depicted.

For the 2-D planar robot, we replicate the setting in Figure
7 of Osa (2020), but we move the obstacle positions and
add two more obstacles to increase the difficulty of the
problem. With a fixed task parameter, the training of the TT
model only takes less than 7 seconds, and we easily obtain
multiple solutions. Figure 13 shows four solutions obtained
by TTGO after the refinement step. We can clearly see the
multimodality of the solutions.

For the Franka Emika manipulator, we use the same
setting as in Section 5, i.e., with the shelf, table, and box as
the collision objects. In addition, we add a cost to maintain
the end-effector pose (horizontal) throughout the trajectory.
The initial and final configurations are set such that both end-
effector positions are located within the shelf, and they are
computed using TTGO for IK, as explained in Section 5.1.2.
With this setting, we are able to obtain multiple solutions
consistently for all possible scenarios (we test with different
end-effector positions within the shelf) with 10 iterations
of TT-cross and a maximal TT-rank of 5. With the fixed
task parameter, it only takes under 5 seconds to obtain the
solutions (includes TT modeling, sampling and fine tuning).
Some solutions for a given task are shown in Figure 1.

In comparison, SMTO (Osa 2020) takes ⇠ 2 minutes
to solve the 2-D planar robot problem and the 7-DoF
manipulator example (using their MATLAB code), whereas
LSMO (Osa 2022) takes even longer, i.e., more than five
minutes (according to their paper). For the 2-D example,
SMTO fails to find any solution when we added more
obstacles as in Figure 13, even after increasing the covariance
by 100 times. This is because none of the initial samples
from the proposal distribution is close to the feasible region.

We also tried increasing the number of samples from 600
(standard value) to 2000, but it still cannot find any solution.
Furthermore, adding the number of samples by ⇠ 3 times
increases the computation time of SMTO by ⇠ 3 times, i.e.,
from ⇠ 150s to ⇠ 500s.

6 Discussion

6.1 Quality of the Approximation
In this paper, we used a TT model to approximate an
unnormalized PDF. The quality of the approximation highly
depends on the TT-rank. If the approximation is good, the
fine-tuning step is often not necessary. A nice property of
TTGO that is derived from the TT-Cross method is that the
model capacity can be incrementally augmented (i.e., non-
parametric modeling). By increasing the number of iterations
of TT-Cross and allowing a higher rank of the TT model,
the approximation accuracy can be improved continuously.
Furthermore, we can also use the continuous version of the
TT model to allow continuous sampling. For initialization
purposes, though, we found that the discrete version is
enough, as the initialization does not have to be precise.

When training the TT model, we can evaluate the quality
of the approximation by picking a set of random indices,
computing the value of the approximate function at those
indices, and comparing it against the actual function value.
This is an important evaluation for most applications that
aim at finding an accurate low-rank TT decomposition of a
given tensor across the whole domain. For our case, though,
we are only interested in the maxima of the function, and
we do not really care about the approximation accuracy
in the low-density region, i.e., the region with high cost.
Even if TT-Cross cannot find an accurate low-rank TT
representation across the whole domain (e.g., due to non-
smoothness), it can still capture the maximal elements
robustly (Sozykin et al. 2022; Goreinov et al. 2010) as the
interpolation in the TT-Cross algorithm is done using the
high magnitude elements. In practice, we found that even
when the approximation errors do not converge during the
training, the resulting samples from the TT model are still
very good as initialization.

6.2 Computation Time
The computation time of TTGO can be divided into offline
computation, i.e., the time to construct the TT model P , and
online computation, i.e., the time to condition the TT model
on the given task parameters and to sample.

The offline training uses an NVIDIA GEFORCE RTX
3090 GPU with 24GB memory, while the sampling time
evaluation is performed on an AMD Ryzen 7 4800U laptop.

The offline computation time depends on the number of
TT-Cross iterations, the maximum rank r, and the discretiza-
tion (i.e., how many elements along each dimension of the
tensor). The number of function evaluations has O(ndr2)
complexity hence linear in terms of the number of dimen-
sions and the number of discretization points. The compu-
tation time of a single cost function also has a significant
influence on the TTGO computation time. However, we used
parallel implementation with GPU that allows us to construct
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Tensor Cross Interpolation

How does tensor cross interpolation work in a bit 
more detail?

problem. The limiting factors of TTD and Monte Carlo are,
therefore, completely different.
Finally, let us discuss the quasi-Monte-Carlo technique

whichwas recently introduced by some of the authors [33]. It
represents an intermediate step between Monte Carlo and
TTD, since it combines a (muchweaker) ϵ-factorizability for
the tails of Q̃n at large vwith a quasi-Monte-Carlo technique
to compute the Feynman integrals. While it produces
convergence as fast as 1=N in good cases, it is, in our
benchmarks,much less robust than theTTD. Furthermore, as
a (nonstochastic) sampling technique, it also suffers from a
sign problem when Q̃n is highly oscillatory.

III. TENSOR TRAIN CROSS INTERPOLATION

We start with a review of tensor cross interpolation. Most
of the material in this section is not original (see
Refs. [6,7,12–17]) except, to our knowledge, the environ-
ment-aware error function in Sec. III B 4. We present it here
in detail so that the article is self-contained. We also show
explicitly that most of the results initially derived for
matrices and tensors are directly generalizable to multidi-
mensional functions. The appendixes include explicit
proofs of the statements made here in the main text.
Note that, in this class of algorithm, the main difficulty
lies in the bookkeeping of the various slices of the tensor
held in memory. Hence, the choice of notation plays a
particularly important role.

A. Matrix cross interpolation

Given an M × N matrix A, the cross interpolation
technique (CI) yields an approximate rank χ factorization
of A. It is distinct from the truncated singular value decom-
position (SVD), in which one approximates A by its SVD
with all but the largest χ singular values set to zero. Although

the truncated SVDyields an optimal rank χ approximation of
A in the spectral norm, CI has the advantage that it may be
constructed by querying only a small subset of the entries of
A. CI is quasioptimal in the sense that its error is at most
Oðχ2Þ times the optimal one [37,38].
We begin by establishing our notation. Let I ¼

fi1; i2;…; iχg (respectively, J ¼ fj1; j2;…; jχg) denote
a list of rows (columns) of A, Ia ≡ ia its ath element,
and I ¼ f1; 2;…;Mg (J ¼ f1; 2;…; Ng) the list of the
indices of all rows (columns). Following the Python and
MATLAB convention, we denote by AðI ;J Þ the submatrix
of A comprised of the rows I and columns J ;
AðI ;J Þab ≡ AIa;J b

. In particular, AðI; JÞ ¼ A.
The matrix cross interpolation formula reads

A ¼ AðI; JÞ ≈ AðI;J ÞAðI ;J Þ−1AðI ;JÞ: ð6Þ

Equation (6) is illustrated graphically in Fig. 2. It has two
main properties:
(P1) It is an interpolation; i.e., it is exact for any i ∈ I or

j ∈ J . This can be straightforwardly checked from
the definition as, e.g., AðI ;J ÞAðI ;J Þ−1AðI ; JÞ ¼
AðI ; JÞ.

(P2) It is exact if the matrix A has rank χ (cf. Appendix B
for a simple proof).

The elements of the nonsingular submatrix AðI ;J Þ are
called the pivots and AðI ;J Þ the pivot matrix. The pivots
should be chosen to minimize the error in the appro-
ximation (6). There is an exponentially large number of
possible choices of pivot matrix, so it is impossible in
practice (for a large matrix A) to try all of them. However,
well-established heuristic algorithms exist which provide
good quality pivots, by maximizing the magnitude of the
determinant of the pivot matrix. This is known as the
maxvol principle (i.e., maximum volume) [15,17].

FIG. 2. Illustration of the CI of a matrix. The large red triangles indicate real pivots, and the smaller red triangles indicate automatically
generated pivots. The right-hand side contains only small subparts of the matrix.

YURIEL NÚÑEZ FERNÁNDEZ et al. PHYS. REV. X 12, 041018 (2022)
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Foundation is "cross approximation" of a matrix



Tensor Cross Interpolation

Tensor cross interpolation extends this to  
MPS tensor network

T(s1, J1) [T(I1, J1)]−1 T(I1, s2, J2) [T(I2, J2)]−1 T(I2, s3, J3)[T(I3, J3)]−1 T(I3, s4)

≈

Entries of small tensor are exactly entries of big tensor 
Interpolation points or pivots

s1 s2 s3 s4

s1 s2 s3 s4



Tensor Cross Interpolation

Tensor cross interpolation proceeds by merging pairs 
of small tensors then improving pivots

T(: , J1) [T(I1, J1)]−1 T(I1, s2, s3, J3) [T(I3, J3)]−1 T(I3, :)

Call to full tensor (piece of code) 
to improve two-site tensor



Tensor Cross Interpolation

Tensor cross interpolation proceeds by merging pairs 
of small tensors then improving pivots

T(: , J1) [T(I1, J1)]−1 T(I1, s2, s3, J3) [T(I3, J3)]−1 T(I3, :)

T(s1, J1) [T(I1, J1)]−1 T(I1, s2, J2) [T(I2, J2)]−1 T(I2, s3, J3)[T(I3, J3)]−1 T(I3, s4)

s1 s2 s3 s4

≈



Result is an "active learning" algorithm

f(x)

query values

suggest better points via 
interpretable linear algebra

Tensor Cross Interpolation



A leading TCI code is by Marc Ritter (LMU  CCQ)→

Tensor Cross Interpolation

https://github.com/tensor4all/TensorCrossInterpolation.jl

Results easy to convert to an ITensor MPS

https://github.com/tensor4all/TensorCrossInterpolation.jl


Tensor Recursive Sketching

Can we also learn a tensorized function  
from data / samples? Yes!

Another new M.L. algorithm is  
tensor train recursive sketching [1,2]

s1 r2

U1 U2 U3 U4 U5 C6

[1] Generative Modeling via Tensor Train Sketching, arxiv: 2202.11788 
[2] Generative Modeling via Hierarchical Tensor Sketching, arxiv: 2304.05305
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Tensor Network Machine Learning

Given samples from true distribution

p(s1, s2, …, sN) =

∼

⋮

training data

1 2 1 1 1 2 2 2
2 2 1 2 1 2 1 2
2 2 2 2 1 2 1 1
1 1 2 2 2 2 1 2



Tensor Network Machine Learning

Given samples from true distribution

p(s1, s2, …, sN) =

∼

⋮
training data



Tensor Network Machine Learning

Apply empirical sketches to "blur" &  
project data to lower-dimensional space

left sketch right sketch

=



Tensor Network Machine Learning

Sum up data through sketching process

=

∑
d

, sum over all data in training set 
(product states / rank-1 tensors)

̂p

ϕ1

s1 r2

s1 r2
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Sum up data through sketching process

→
ϕ1
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Tensor Network Machine Learning

SVD of reduced data tensor gives 
first MPS tensor U1

≈
ϕ1

s1 r2

U1

U1

Save  onlyU1



Tensor Network Machine Learning

Recursively summing and sketching data continues 
process

=

∑
d

, sum over all data in training set 
(product states / rank-1 tensors)

̂p

ϕ2

l1 s2

U†
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l1 s2 r3



Tensor Network Machine Learning

SVD of reduced data tensor gives 
second MPS tensor U2

U2

U1

Save  onlyU2

U2

ϕ2
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Tensor Network Machine Learning

Recursively summing and sketching data continues 
process

=

∑
d

, sum over all data in training set 
(product states / rank-1 tensors)

̂p

ϕ3

l2 s3

U†
1

r4

l2 s3 r4

U†
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Tensor Network Machine Learning

SVD of reduced data tensor gives 
second MPS tensor U3

U3

U1

Save  onlyU2

U2
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≈
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Tensor Network Machine Learning

Recursive sketching able to reconstruct distribution of  
disordered Ising chain

Distance of 
estimate from 
true distribution 

    

log scale

||p − A( ̂p) ||
||p ||

Goes as  
for large training set size. 
Ideal behavior.

1/ NT

log(Number of samples)



Tensor Network Machine Learning

Recursive sketching recently used to 
learn trial wavefunctions for AF-Quantum Monte Carlo

"Re-anchoring Quantum Monte Carlo with Tensor-Train Sketching", Yu, Zhang, Khoo, arxiv:2411.07194
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Khoo



Summary

Tensor networks can represent many types of functions,  
including functions of continuous variables

After a break, we will discuss methods for  
2D and 3D tensor networks

Up Next

Powerful, interesting, and interpretable algorithms to  
learn high-dimensional functions as tensor networks


