
Tensor Networks 
Beyond One Dimension



Earlier introduced tensor networks, but entirely 
focused on matrix product states

Motivation

An MPS has a one-dimensional structure, 
making it powerful for 1D but  
weak for 2D and 3D systems

<latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>�

What tensor networks can we use in higher dimensions? 
Alternatives to MPS?



What is the entanglement capacity of an MPS 
tensor network?

Compute reduced density matrix ρA

χ

Consider bipartition ("cut") across bond of  
dimension χ

A B



Entanglement capacity of an MPS

ρA =

= =

=

χ

χ

χ



Entanglement capacity of an MPS

ρA =

We have shown that  is a product of two matrices, 
contracted over an index of dimension 

ρA
χ

χ

Thus  has maximum rank , i.e. at most  non-zero singular 
values

ρA χ χ

Maximum entropy if all eigenvalues , implies an upper 
bound 

pn = 1/χ
SvN ≤ log(χ)

Recall SvN = − Tr(ρ log(ρ))



We therefore see MPS with  obey a 1D area lawχ ∼ 𝒪(1)

χ

A B

Entropy bounded    (i.e. const with system 
size)

SvN ≤ log(χ) ∼ N0



If we use MPS for a two-dimensional system (2D)

A B

we can treat the 2D system using a "zig-zag" or "snaking" 
pattern to visit all the sites

Basis of 2D-DMRG approach that has been successful on thin 
2D systems



But importantly, scaling of entanglement is  
still that of an MPS

A B

SvN ≤ log(χ)

If we assume 2D wavefunction is “nice” and obeys 2D area law, 
where SvN ∼ aN

N

Then requires  to capture the stateχ ∼ eaN



Intuition: each bond of size  contributes ~  
entanglement

χ log(χ)

A B

N

Want total  ,  so put  bonds across the cut 
(i.e. connecting regions  and )

SvN ∼ N N
A B



Intuition: each bond of size  contributes ~  entanglementχ ln(χ)

A B

N

Want total  ,  so put  bonds across the cut 
(i.e. connecting regions  and )

SvN ∼ N N
A B

Motivates 2D tensor network state (TNS)  
also called projected entangled pair state (PEPS)



The Belief Propagation Algorithm 
for General Tensor Networks



Motivation

To work with 2D tensor networks

Must be able to contract them



Motivation

For example, computing operator expected values

=

𝒪

⟨ψ |𝒪

⟨ψ |𝒪 |ψ⟩ =



Motivation

However, contracting 2D (3D, etc.) tensor networks 
exactly is #P-Complete in worst case.  

A polynomial time (in system size) to contract any finite bond 
dimension PEPS would imply P = NP.  

[1] Cirac et al, Phys. Rev. Lett. 98, 140506 (2007) 



Motivation

Highly controlled approximations have been developed 
for infinite PEPS  (TNS) optimization [1,2]

PHILIPPE CORBOZ PHYSICAL REVIEW B 94, 035133 (2016)

benchmark results for the 2D Heisenberg model, the Shastry-
Sutherland model, and the t-J model to demonstrate the
performance of the variational approach compared to results
based on ITE. Finally, we discuss and summarize our findings
in Sec. V. In addition, in the Appendix we explain how to
implement a two-site variational optimization which can be
used complementary to the one-site update discussed in the
main text.

II. INTRODUCTION TO iPEPS

A. iPEPS ansatz

An iPEPS is an efficient variational tensor network ansatz
for 2D ground states of local Hamiltonians in the thermo-
dynamic limit [5,7,8,11,36] which obey an area law of the
entanglement entropy [10]. It consists of a rectangular unit
cell of tensors with one tensor per lattice site A[x,y], where
[x,y] label the coordinates of a tensor relative to the unit
cell of size Lx × Ly = NT , shown in Fig. 1(a). Each tensor
has one physical index carrying the local Hilbert space of a
lattice site and four auxiliary indices which connect to the
nearest-neighbor tensors on a square lattice (more generally,
a PEPS has z auxiliary indices, where z is the coordination
number of the lattice). The accuracy of the ansatz can be
systematically controlled by the bond dimension D of the
auxiliary indices.

For a translationally invariant state an ansatz with a
single-tensor unit cell can be chosen. However, if translational
symmetry is spontaneously broken, a larger unit-cell size com-
patible with the periodicity of the ground state is required (for
example, for an antiferromagnetic state two different tensors
for the two sublattices are needed). Since the periodicity of
the ground state is typically not known in advance, one has to
perform simulations with different unit cell sizes to determine
which cell size leads to the lowest variational energy. Using
different unit cells also offers the possibility to find different
competing low-energy states (see, e.g., Ref. [21]).

B. Contraction of an iPEPS

In order to compute an expectation value of an observable Ô
with respect to an iPEPS wave function |!〉, the corresponding
2D tensor network representing 〈!|Ô|!〉 has to be contracted
in a controlled, approximate way. In this work we use a
variant of the CTM renormalization group method [30–32]
for arbitrary unit-cell sizes [21,36], which is summarized in
the following.

Consider the problem of computing the norm of an iPEPS
〈!|!〉, which boils down to contracting the infinite 2D
square-lattice network of the reduced tensors a[x,y], shown in
Fig. 1(c), where each a[x,y] is obtained from contracting A[x,y]

with its conjugate tensor A†[x,y] [see Fig. 1(b)]. The goal of
the CTM approach is to compute the four corner tensors C1,
C2, C3, C4 and the four edge tensors T1, T2, T3, T4 for each
coordinate [x,y] in the unit cell, where each corner tensor
represents a quadrant and the edge tensors represent a half
row (or half column) of the infinite 2D network. All these
tensors together form the so-called environment, representing
the infinite system surrounding a bulk site (or several bulk
sites), as shown in Fig. 1(c). Once the environment has been
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FIG. 1. (a) iPEPS ansatz with a 3 × 2 unit cell of tensors which
is periodically repeated in the lattice. (b) The reduced tensor a[x,y] is
obtained from contracting an iPEPS tensor A[x,y] with its conjugate
A†[x,y] along the physical leg. (c) The norm 〈!|!〉 is represented
as an infinite square-lattice network of reduced tensors. The CTM
approach yields the environment tensors surrounding a bulk tensor
a[x,y] where the corner tensors C1, C2, C3, C4 take into account a
quarter-infinite system and the edge tensors T1, T2, T3, T4 take into
account an infinite half row or half column of the system. (d) A left
move is done by inserting a new column of tensors, multiplying the
tensors to the left, and performing a renormalization step (this is done
for all coordinates y). (e) Diagrams to compute the updated corner
and edge tensors C ′

1, C ′
4, T ′

4 at coordinate x (for all y coordinates).
Note that the coordinates are always taken modulo the unit cell size.

035133-2

and related works using automatic differentiation [3,4]

[1] Corboz, Phys. Rev. B 94, 035133 (2016) 
[2] Vanderstraeten, Haegeman, Corboz, Verstraete, Phys. Rev. B 94, 155123 (2016) 

[3] Liao, Liu, Wang, Xiang, Phys. Rev. X 9, 031041 (2019) 
[4] Ponsioen, Assaad, Corboz, SciPost Phys. 12, 006 (2022)



Motivation

However, existing 2D tensor network methods are 
expensive and overly-focussed on square lattices

Typical costs: * 

• iPEPS optimization – scaling  for square lattice 

• VMC optimization – scaling  with  
M~10,000 the number of samples

O(D10)

O(MD6)

* Liu, Zhai, Peng, Gu, Chan, arxiv:2502.13454

Also, 3D lattices seem out of reach



Motivation

Is there more efficient method for contracting TNS?

We need to accept larger approximations...

We just need to know how large the approximation is

🧠 "Belief propagation" + extensions gives all three



🧠  Belief propagation has been around for some time

Judea Pearl  
probabilistic inference (1982)

Hans Bethe 
 statistical mechanics (1935)

Originally approximates marginals of 
locally tree-like graphs (e.g. stat mech models) 

Mezard, Parisi, Virasoro 
 spin glass physics (1985)



Alkabetz, Arad, Phys. Rev. Research 3, 023073 (2021  
Sahu, Swingle, arxiv:2206.04701 

Guo, Poletti, Arad, Phys. Rev. B, 108, 125111 (2023) 
Tindall, Fishman, SciPost Phys. 15, 222 (2023)

Recently adapted to quantum wavefunctions via tensor 
networks



To apply belief propagation to quantum systems, 
start from "  bra | ket " network ("norm network")⟨ ⟩

Top-down view



Ideally compute exact "environment" 
Defined as network with one tensor removed



=

Ideally compute exact "environment" 
Defined as network with one tensor removed



=

Small (4-index) environment tensor sufficient to contract 
whole network, but just as hard to compute

Ideally compute exact "environment" 
Defined as network with one tensor removed



Make seemingly drastic approximation

=

≈
"messages"

≈



Would be exact if certain loops don't contribute

= =

=



How to find "messages" in practice?

≈
"messages"



Use "message passing” to converge the messages 
until self-consistency over all edges of the network

Message Passing

=

Outgoing messageIncoming messages 
* Local tensors

Update rule on edge e

Iterate on all edges until convergence 



Top view:

Side-on view helpful to understand quantum case. We 
typically run BP over the norm network ⟨ψ |ψ⟩

Belief Propagation

Side view:

Quantum messages are  matrices, where  
is the bond dimension. They are RDMS in the 
bond basis  

χ × χ χ

ψv

ψ†
v

χ

χ



Belief Propagation

⟨ψ |ψ⟩ ≈

If the tensor network represents a partition function, this is 
exactly the Bethe free energy. If  is a tree tensor 
network, it is exact.   

|ψ⟩

After messages converged,  
can compute BP estimate of norm ("partition function")



Scaling of quantum belief propagation on the norm  is⟨ψ |ψ⟩

Belief Propagation

O(Nχz+1)

where  is the coordination number of the lattice,  the bond 
dimension,  the number of sites. 

z χ
N

So, for square lattice, scaling is  
Compared to scaling and prefactors of other TNS  
algorithms, generally much better

O(χ5)

More neighbors (higher ) costs more, but 
lower bond dimensions usually needed (mean field like)

z



Intuitive understanding of BP approximation is 
viewing its convergence as 

BP Approximation

If correlations do not transit around a loop,  
loop might as well not be there

honeycomb lattice

Correlation length



Use converged messages to apply gates

Belief Propagation

U(t) =

square roots 
of messages



Messages play important role not so much when we 
apply the gate, but in order to make the SVD truncation 
accurate:

Belief Propagation

truncated 
SVD



Applying gates lets us: 
1) compute ground states & thermal states (imaginary time) 
2) compute dynamics (real time)

Belief Propagation

U(t) =



For extensive discussion of theory of  
quantum belief propagation 
(relation to gauging, simple update, etc.)

Belief Propagation

SciPost Phys. 15, 222 (2023)

Gauging tensor networks with belief propagation

Joseph Tindall
ω

and Matt Fishman

Center for Computational Quantum Physics, Flatiron Institute,
New York, New York 10010, USA

ω jtindall@flatironinstitute.org

Abstract

Effectively compressing and optimizing tensor networks requires reliable methods for

fixing the latent degrees of freedom of the tensors, known as the gauge. Here we intro-

duce a new algorithm for gauging tensor networks using belief propagation, a method

that was originally formulated for performing statistical inference on graphical mod-

els and has recently found applications in tensor network algorithms. We show that this

method is closely related to known tensor network gauging methods. It has the practical

advantage, however, that existing belief propagation implementations can be repurposed

for tensor network gauging, and that belief propagation is a very simple algorithm based

on just tensor contractions so it can be easier to implement, optimize, and generalize.

We present numerical evidence and scaling arguments that this algorithm is faster than

existing gauging algorithms, demonstrating its usage on structured, unstructured, and

infinite tensor networks. Additionally, we apply this method to improve the accuracy of

the widely used simple update gate evolution algorithm.
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Benefits of belief propagation: 

• if lattice has no loops, fully controlled 

• cheap: use large internal bond dimensions  

• like mean-field theory, but more accurate 

• can run dynamics on top 

• systematic corrections possible

χ

Belief Propagation



Applications of Belief Propagation 
for Quantum Simulation



1) Simulation of quantum utility experiment

J. Tindall M. Fishman D. Sels

2

FIG. 1. Left) Structure of the Eagle quantum processor which consists of a 6 ⇥ 3 heavy-hexagon lattice with two
additional qubits (113 and 13) added to the bottom left and right corners of the lattice. Right) Tensor network
structure used for our simulations of heavy-hex lattices, with the network structure directly reflecting the lattice. On-
site tensors �v are coloured in blue and possess physical, uncontracted, indices of dimension 2 (represented by their
dangling legs) and virtual indices of dimension � (represented by the edges of the network) which are shared with
neighboring tensors. Positive, diagonal bond tensors ⇤e live on the edges e between the site tensors and are coloured
in grey.

high-depth quantum circuit involving an infinite number of qubits.
Our work here demonstrates the e↵ectiveness of a belief propagation tensor network approach for solving

many-body dynamics problems. We anticipate our chosen methodology will find success and serve as a
benchmark when applied to problems with locally tree-like correlations and limited entanglement.
Model and Ansatz. Our focus here is on the dynamics of the Trotterized kicked transverse-field Ising model

given by the unitary

U(✓h) =

0

@
Y

hv,v0i

exp
⇣
i
⇡

4
ZvZv0

⌘
1

A
 
Y

v

exp

✓
�i

✓h

2
Xv

◆!
, (1)

where Z and X denote Pauli operators and hv, v
0
i indicates that v and v

0 are neighbors on the corresponding
lattice. The lattice we are concerned with is that of the ‘heavy-hex’ lattice which corresponds to a hexagonal
lattice decorated with additional qubits along the edges (see Fig. 1). The dynamics of this model was recently
simulated on the IBM Eagle quantum processor [10], which corresponds to a lattice of 6 ⇥ 3 heavy-hexagons
plus two additional qubits.
Here, in order to simulate this system on a classical computer, we adopt a tensor network approach that

respects the qubit connectivity of the heavy-hex lattice (see Fig. 1). We fix a maximum amount of entanglement
in the system by limiting the bond dimension � of the network. We then evolve our tensor network state (TNS)
by application of the gates in U(✓h) under the belief propagation (BP) approximation; referring to the resulting
TNS as a BP-approximated TNS. Unless otherwise stated, we also extract expectation values from the TNS
using belief propagation. Explicit details of our BP-based method are provided in the Methods section. The
BP method is fully controlled on trees but incurs a potentially small but uncontrolled approximation when
there are loops in the network. Our results demonstrate that for a su�ciently large lattice, even at significant
circuit depths, the correlations in this model remain ‘tree-like’ in the sense of the BP approximation giving
very accurate results. Let us present these results.
Results. We start by considering lattices with a small number of heaxy-hexagons, where an exact state vec-

tor simulation is possible and our method can be directly benchmarked (see Fig. 2). Specifically, we compute

discretized 
dynamics



1) Simulation of quantum utility experiment

Results in 
verifiable regime

BP results BP results

Results in 
unverifiable regime



2) Simulation of D-Wave quantum Ising dynamics
2

Square Cubic Diamond Biclique

Ising spin glass
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FIG. 1. Sampling post-quench states in Ising spin
glasses. Random inputs are generated in topologies of vary-
ing dimension. For each input, we consider the task of sam-
pling from the distribution of states following a quantum
quench, i.e., rapid change of transverse field !(t/ta) and lon-
gitudinal field J (t/ta) within time ta. This task is performed
using quantum annealing and classical methods based on ten-
sor networks (MPS and PEPS) and neural networks (NQS).

brought into question16–20.
Here we approach a more general and practical prob-

lem in the same category, simulating the continuous-
time quantum dynamics of the transverse-field Ising
model (TFIM), using superconducting quantum anneal-
ing (QA) processors21,22. QA has already been employed
to simulate quantum phase transitions (QPTs) in Ising-
like systems, using both superconducting qubits22–24 and
Rydberg arrays3,25,26. Ref. 24 demonstrated quantum
critical dynamics in cubic spin glasses on over 5000
qubits, with measured critical exponents closely match-
ing estimates from the expected universality class—
compelling evidence of Schrödinger evolution, which is
not generally simulable with classical methods at this
scale. Still, it remains important to establish that within
the parametric range studied, despite the limited corre-
lation length and finite experimental precision, approxi-
mate classical methods cannot match the solution quality
of the QPU in a reasonable amount of time.

The aim of this paper is to evaluate the computational
resources necessary to sample the state of a TFIM follow-
ing a quench through a QPT, at a comparable accuracy
to the QPU. Simulating quantum critical dynamics is
an important problem with relevance to condensed mat-
ter physics27–33 and optimization3,24,34–36. The ability
of superconducting QA processors to solve this simula-

tion problem with high accuracy has been established for
1D chains23 and small spin glasses24. Here we simulate
large programmable topologies of varying dimension as
illustrated in Fig. 1.

To estimate QPU error for small problems, we com-
pare simulations with ground truths computed using
well-converged matrix product state (MPS) simulations
run on the Summit and Frontier supercomputers at Oak
Ridge National Laboratory. We then employ state-of-
the-art approximate classical methods based on tensor
networks and neural networks to estimate the compu-
tational cost of approximately simulating the quantum
dynamics to match QPU accuracy. This direct, non-
universal verification can only be achieved at small scales,
where the ground truth can be computed. To extrapolate
beyond the classically simulable regime, we verify univer-
sal quantum critical scaling in QPU results, and estimate
classical resource requirements based on area-law scaling
that is both expected and observed.

QUENCHING A QUANTUM SPIN GLASS

We consider a time-dependent Hamiltonian that inter-
polates between a driving Hamiltonian HD and a classical
Ising problem Hamiltonian HP :

H(t) = !(t/ta)HD + J (t/ta)HP , (1)

HD = →
∑

i

ω
x

i
, HP =

∑

i<j

Jijω
z

i
ω

z

j
, (2)

where ω
x,z

i
are Pauli matrices acting on qubit i, and ! and

J are the transverse-field and Ising energy scales37, re-
spectively. The evolution starts from time t=0 in a para-
magnetic phase with !(0) ↑ J (0) and ends at quench
time t=ta with !(1) ↓ J (1), deep in the spin-glass
phase. These two phases are separated by a QPT whose
universal behavior is dictated by the topology of the pro-
grammed Ising model. Nonzero couplings Jij are cho-
sen randomly within various topologies: square lattices,
dimerized cubic lattices, diamond lattices, and dimerized
biclique graphs37. The first three represent lattice struc-
tures of real materials34,38 and the latter has applications
in generative artificial intelligence (AI)39.

We use two QPUs of distinct design: one Advan-
tage system (ADV1) and one prototype Advantage2 sys-
tem (ADV2). Although these processors have signif-
icantly di”erent annealing schedules, we simulate the
same model quench (Fig. 1) on both. Each QPU gener-
ates at least 1000 samples per second, with parallelization
exploited for small problems37.

CLASSICAL SIMULATION TECHNIQUES

We compare QPU results with classical algorithms de-
signed to approximate the solution to the time-dependent
Schrödinger equation—see Supplementary Material (SM,

Joey Tindall 
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Matt Fishman 
Flatiron CCQ

Dries Sels 
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New York University

Antonio Mello 
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2) Simulation of D-Wave quantum Ising dynamics

What did the experiment compute?
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FIG. 1. Sampling post-quench states in Ising spin
glasses. Random inputs are generated in topologies of vary-
ing dimension. For each input, we consider the task of sam-
pling from the distribution of states following a quantum
quench, i.e., rapid change of transverse field !(t/ta) and lon-
gitudinal field J (t/ta) within time ta. This task is performed
using quantum annealing and classical methods based on ten-
sor networks (MPS and PEPS) and neural networks (NQS).

brought into question16–20.
Here we approach a more general and practical prob-

lem in the same category, simulating the continuous-
time quantum dynamics of the transverse-field Ising
model (TFIM), using superconducting quantum anneal-
ing (QA) processors21,22. QA has already been employed
to simulate quantum phase transitions (QPTs) in Ising-
like systems, using both superconducting qubits22–24 and
Rydberg arrays3,25,26. Ref. 24 demonstrated quantum
critical dynamics in cubic spin glasses on over 5000
qubits, with measured critical exponents closely match-
ing estimates from the expected universality class—
compelling evidence of Schrödinger evolution, which is
not generally simulable with classical methods at this
scale. Still, it remains important to establish that within
the parametric range studied, despite the limited corre-
lation length and finite experimental precision, approxi-
mate classical methods cannot match the solution quality
of the QPU in a reasonable amount of time.

The aim of this paper is to evaluate the computational
resources necessary to sample the state of a TFIM follow-
ing a quench through a QPT, at a comparable accuracy
to the QPU. Simulating quantum critical dynamics is
an important problem with relevance to condensed mat-
ter physics27–33 and optimization3,24,34–36. The ability
of superconducting QA processors to solve this simula-

tion problem with high accuracy has been established for
1D chains23 and small spin glasses24. Here we simulate
large programmable topologies of varying dimension as
illustrated in Fig. 1.

To estimate QPU error for small problems, we com-
pare simulations with ground truths computed using
well-converged matrix product state (MPS) simulations
run on the Summit and Frontier supercomputers at Oak
Ridge National Laboratory. We then employ state-of-
the-art approximate classical methods based on tensor
networks and neural networks to estimate the compu-
tational cost of approximately simulating the quantum
dynamics to match QPU accuracy. This direct, non-
universal verification can only be achieved at small scales,
where the ground truth can be computed. To extrapolate
beyond the classically simulable regime, we verify univer-
sal quantum critical scaling in QPU results, and estimate
classical resource requirements based on area-law scaling
that is both expected and observed.

QUENCHING A QUANTUM SPIN GLASS

We consider a time-dependent Hamiltonian that inter-
polates between a driving Hamiltonian HD and a classical
Ising problem Hamiltonian HP :

H(t) = !(t/ta)HD + J (t/ta)HP , (1)

HD = →
∑

i

ω
x

i
, HP =

∑

i<j

Jijω
z

i
ω

z

j
, (2)

where ω
x,z

i
are Pauli matrices acting on qubit i, and ! and

J are the transverse-field and Ising energy scales37, re-
spectively. The evolution starts from time t=0 in a para-
magnetic phase with !(0) ↑ J (0) and ends at quench
time t=ta with !(1) ↓ J (1), deep in the spin-glass
phase. These two phases are separated by a QPT whose
universal behavior is dictated by the topology of the pro-
grammed Ising model. Nonzero couplings Jij are cho-
sen randomly within various topologies: square lattices,
dimerized cubic lattices, diamond lattices, and dimerized
biclique graphs37. The first three represent lattice struc-
tures of real materials34,38 and the latter has applications
in generative artificial intelligence (AI)39.

We use two QPUs of distinct design: one Advan-
tage system (ADV1) and one prototype Advantage2 sys-
tem (ADV2). Although these processors have signif-
icantly di”erent annealing schedules, we simulate the
same model quench (Fig. 1) on both. Each QPU gener-
ates at least 1000 samples per second, with parallelization
exploited for small problems37.

CLASSICAL SIMULATION TECHNIQUES

We compare QPU results with classical algorithms de-
signed to approximate the solution to the time-dependent
Schrödinger equation—see Supplementary Material (SM,
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FIG. 1. Sampling post-quench states in Ising spin
glasses. Random inputs are generated in topologies of vary-
ing dimension. For each input, we consider the task of sam-
pling from the distribution of states following a quantum
quench, i.e., rapid change of transverse field !(t/ta) and lon-
gitudinal field J (t/ta) within time ta. This task is performed
using quantum annealing and classical methods based on ten-
sor networks (MPS and PEPS) and neural networks (NQS).

brought into question16–20.
Here we approach a more general and practical prob-

lem in the same category, simulating the continuous-
time quantum dynamics of the transverse-field Ising
model (TFIM), using superconducting quantum anneal-
ing (QA) processors21,22. QA has already been employed
to simulate quantum phase transitions (QPTs) in Ising-
like systems, using both superconducting qubits22–24 and
Rydberg arrays3,25,26. Ref. 24 demonstrated quantum
critical dynamics in cubic spin glasses on over 5000
qubits, with measured critical exponents closely match-
ing estimates from the expected universality class—
compelling evidence of Schrödinger evolution, which is
not generally simulable with classical methods at this
scale. Still, it remains important to establish that within
the parametric range studied, despite the limited corre-
lation length and finite experimental precision, approxi-
mate classical methods cannot match the solution quality
of the QPU in a reasonable amount of time.

The aim of this paper is to evaluate the computational
resources necessary to sample the state of a TFIM follow-
ing a quench through a QPT, at a comparable accuracy
to the QPU. Simulating quantum critical dynamics is
an important problem with relevance to condensed mat-
ter physics27–33 and optimization3,24,34–36. The ability
of superconducting QA processors to solve this simula-

tion problem with high accuracy has been established for
1D chains23 and small spin glasses24. Here we simulate
large programmable topologies of varying dimension as
illustrated in Fig. 1.

To estimate QPU error for small problems, we com-
pare simulations with ground truths computed using
well-converged matrix product state (MPS) simulations
run on the Summit and Frontier supercomputers at Oak
Ridge National Laboratory. We then employ state-of-
the-art approximate classical methods based on tensor
networks and neural networks to estimate the compu-
tational cost of approximately simulating the quantum
dynamics to match QPU accuracy. This direct, non-
universal verification can only be achieved at small scales,
where the ground truth can be computed. To extrapolate
beyond the classically simulable regime, we verify univer-
sal quantum critical scaling in QPU results, and estimate
classical resource requirements based on area-law scaling
that is both expected and observed.

QUENCHING A QUANTUM SPIN GLASS

We consider a time-dependent Hamiltonian that inter-
polates between a driving Hamiltonian HD and a classical
Ising problem Hamiltonian HP :

H(t) = !(t/ta)HD + J (t/ta)HP , (1)

HD = →
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i

ω
x

i
, HP =

∑

i<j

Jijω
z

i
ω

z

j
, (2)

where ω
x,z

i
are Pauli matrices acting on qubit i, and ! and

J are the transverse-field and Ising energy scales37, re-
spectively. The evolution starts from time t=0 in a para-
magnetic phase with !(0) ↑ J (0) and ends at quench
time t=ta with !(1) ↓ J (1), deep in the spin-glass
phase. These two phases are separated by a QPT whose
universal behavior is dictated by the topology of the pro-
grammed Ising model. Nonzero couplings Jij are cho-
sen randomly within various topologies: square lattices,
dimerized cubic lattices, diamond lattices, and dimerized
biclique graphs37. The first three represent lattice struc-
tures of real materials34,38 and the latter has applications
in generative artificial intelligence (AI)39.

We use two QPUs of distinct design: one Advan-
tage system (ADV1) and one prototype Advantage2 sys-
tem (ADV2). Although these processors have signif-
icantly di”erent annealing schedules, we simulate the
same model quench (Fig. 1) on both. Each QPU gener-
ates at least 1000 samples per second, with parallelization
exploited for small problems37.

CLASSICAL SIMULATION TECHNIQUES

We compare QPU results with classical algorithms de-
signed to approximate the solution to the time-dependent
Schrödinger equation—see Supplementary Material (SM,

King, et al. "Beyond-classical computation in quantum simulation." Science (2025)

Advantage Review 3

Figure 1: A C6 Chimera graph (left) with 36 unit cells containing 288 qubits. A P4 Pegasus graph
(right) with 27 unit cells and several partial cells, containing 264 qubits. The comparatively rich con-
nectivity structure of the P4 is clearly seen.

similar quantum solvers. However, we believe that the empirical results shown here are
reasonably representative of typical performance within each technology family.

2 New Advantage Features

In a quantum annealing system, the hardware graph topology describes the pattern of
physical connections between qubits and their couplers. The most important and obvious
difference between 2000Q and Advantage QPUs is the upgrade from Chimera to the Pega-
sus topology, as shown in Figure 1.

The figure compares a C6 Chimera graph — a 6-by-6 grid of unit cells — with a P4 Pe-
gasus graph, which contains 27 unit cells on a diagonal grid, plus partial cells around the
perimeter. (Note that unit cells on the Pegasus graph contain four extra couplers.) Both
graphs contain about the same number of qubits: 288 in the C6 and 264 in the P4. However,
Chimera has just 6 couplers per qubit while Pegasus has 15 couplers per qubit, creating a
visibly more complex connection structure.

In addition to greater size and connectivity, the Pegasus graph has been modified in other
ways to improve performance on general problems. For example, Pegasus contains trian-
gles, which means that more nonbipartite graph structures can be represented directly on
the physical hardware. See [5] for more.

Table 1 presents a comparison of the two QPU designs in terms of typical component
counts. The hardware graphs inside the 2000Q and Advantage QPUs are much larger than
shown in Figure 1, corresponding to a C16 and a P16. The exact number of active qubits
and couplers can vary across individual QPUs, because a small percentage of components
may fail to meet technical specifications: the table shows the minimum number of active
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Ref. 37) for details on these methods and other poten-
tial approaches. We use two tensor-network techniques—
MPS and projected entangled-pair states (PEPS)40–45—
as well as neural quantum state (NQS)46 simulations.
MPS, PEPS, and NQS are currently recognized as the
leading approximation frameworks in this context47.

Tensor-network ansätze are designed to leverage the
area law of entanglement entropy48,49 to reduce the com-
plexity of state representation. In particular, for a system
of N spins in d spatial dimensions, MPS (or, more gener-
ally, tree tensor network) methods reduce the complex-
ity from exponential in N to exponential in N

(d→1)/d.
The benefits diminish as d becomes larger, e.g., for bi-
clique problems, where d diverges. The tree-like na-
ture of such network geometries allows for the existence
of canonical representations—and easy transformations
between them—that underlie the time-dependent varia-
tional principle (TDVP)50, a general algorithm to simu-
late time evolution. The main trade-o! between approx-
imation quality and computational cost is controlled by
the maximum MPS bond dimension ω. Required mem-
ory scales as O(Nω

2) and time of TDVP simulation scales
as O(Nω

3) (other geometries of tree tensor networks be-
yond MPS have higher powers of ω appearing in the cor-
responding scalings). The access to canonical forms en-
ables e”cient and monotonic control over Hilbert-space
truncation, making MPS a suitable technique for ground-
truth estimation.

While PEPS ansätze are better aligned with the ge-
ometry of the problem and so can more e”ciently en-
code states with area law beyond one dimension, in gen-
eral they do not benefit from the existence of canonical
forms. Inference from PEPS representation, or its exact
contraction, is known to be a #P -complete problem in
general51,52. All this makes it susceptible to truncation
error during the time evolution37. In principle, for short-
ranged quantum correlations, PEPS can employ local or
approximate heuristic contractions to reduce computa-
tional cost42–44. This can make PEPS e”cient for su”-
ciently fast quenches with short-ranged correlations, such
as for dynamics of a kicked Ising model on a “heavy-hex”
lattice16–18. However, we demonstrate that the cost of
expanding the neighborhood for the longest experimental
annealing times becomes prohibitive compared to MPS.
Moreover, as the size of the tensors is exponential in d,
this methodology quickly becomes impractical, with ex-
treme restrictions on feasible simulations even in three
dimensions53.

NQS can also serve as ansätze for approximate wave
functions. A variety of results have been demonstrated
for calculation of ground states, but with few demon-
strations relating to time evolution of disordered sys-
tems47,54–56. We examine various time-integration tech-
niques and architectures, including complex restricted
Boltzmann machines (cRBMs) and autoregressive mod-
els such as transformers and recurrent neural networks
(RNNs). We conclude that these approaches cannot pro-
duce results with acceptable accuracy beyond the short-

est time scales and smallest models presented in this
paper37.

TWO-DIMENSIONAL SYSTEMS

To make the case for computational supremacy, we
must first establish accurate and well-understood behav-
ior on nontrivial problems that can still be simulated
classically. We start with 2D spin glasses on cylindri-
cal L→L square lattices, for which we calculate ground
truths for up to L=8. Square lattices, relative to higher-
dimensional topologies, are amenable to classical simula-
tions: MPS and PEPS have been applied to related 2D
lattice simulation problems26,47,57.

The computational task at hand is to fairly sample
from the quenched state projected in the computational
basis. We start with a single exemplary 6→6 spin glass
and compare QPU results with an MPS-based ground
truth using two statistics: a spin-glass order parameter

↑q2↓ =
2

N(N ↔ 1)

∑

i<j

c
2
ij

, (3)

and residual energy Eres=↑HP ↓↔E0. Here, cij=↑εz

i
ε

z

j
↓ is

the two-point correlation function and E0 is the ground-
state energy of HP . As shown in Fig. 2A, the close agree-
ment between the QPU data (symbols) and the ground
truth (solid lines) extends across nearly three orders of
magnitude of ta.

For evaluating the estimated samples in comparison to
ground-truth MPS results, our main figure of merit is
based on spin-spin correlations. Fig. 2B shows all cij in
the same problem. We compare the ground truth (con-
verged at ω̃=256) with QPU data (left) and approximate
MPS output using a smaller ω=64 (right). Agreement
can be summarized as a correlation error

ϑc =

(∑
i,j

(cij ↔ c̃ij)2∑
i,j

c̃2
ij

)1/2

, (4)

where “↑” denotes a ground-truth value.
Various other distributional-divergence measures exist,

such as Kullback–Leibler divergence and classical fidelity
(Bhattacharyya distance), but they have the disadvan-
tage that when evaluated by sampling, the number of
samples must scale exponentially with the distribution
entropy, which grows with N in our application. Nev-
ertheless, we use classical fidelity F=

∑
z

↗
pz p̃z, where

pz and p̃z are method and ground-truth probabilities of
state z, to corroborate the main metric ϑc at small sizes.
Fig. 2C scatters pz against p̃z based on 106 samples, again
using QPU and MPS (ω=64); resulting estimates of F are
similar. In both Figs. 2B and 2C, it is evident that the
approximate MPS yields data closely resembling that of
the QPU, as manifested in both error measures ϑc and
F . In the following sections, the bond dimension that
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FIG. 6. a) Tensor network on a simple 7-vertex graph. The vertices may represent individual tensors or groups of tensors. b)
Belief propagation involves defining message tensors along both directions of the edges of the norm network with the indices
of the message tensors matching the virtual indices of the bra and ket tensors along that edge. An update rule is defined
for every message tensor as the product of the messages incident to the vertex the message is leaving and the tensors on the
vertex. This rule is iterated until all messages are converged, with a normalization rule imposed for numerical stability. c)
The outer product of the two message tensors on an edge of T form a projector Pe to a rank-1 subspace. The full contraction
of the network can then be written as a sum over all 2Nedges configurations involving either a projector or its anti-projector
I → Pe. Only the nonzero terms are shown: any configuration where there exists a vertex where only one anti-projector is
incident is zero. The contraction of the network can then be approximated by summing configurations up to a certain number
of anti-projectors, with the term with zero anti-projectors corresponding to the uncorrected belief propagation result.

The resulting message tensors can be used in a vari-
ety of ways. For instance, they can be used to perform
a truncation following a two-site update with a gate Ĝ
on a neighboring pair of sites in |ω→ [28]. This is the
method we adopt in our time-evolution protocol due to
its numerical e!ciency and simplicity. Message tensors
can also be used to compute local and non-local observ-
ables ↑O→. At the simplest, but most approximate, level
one just places the message tensors obtained from ↑ω|ω→
incident to the region of support of O, inserts O and con-
tracts the tensors to obtain the scalar expected value of
O. If the network is unnormalized the result can be di-
vided by the same contraction but without O inserted.
Alternatively, belief propagation can be run directly on
the network ↑ω|O|ω→, grouping together the local bra,
ket, and operator tensors, and then the resulting mes-
sage tensors can be used to approximate the contraction
of the whole network via the formula

↑ω|O|ω→ =

∏
v→verts

(
(ωvOvω↑

v)
∏

v→→neighbors(v) Mv→↓v

)

∏
e→edges Me ·Mreverse(e)

,

(5)
which is more appropriate in the case of non-local ob-
servables with a large region of support. If the network
is unnormalized an equivalent contraction should be done
on the network ↑ω|ω→ and used as a divisor.

Both of the above approaches, however, do not account
for the loops in the lattice and thus make a fairly severe
approximation for correlated states and tensor networks
with a larger density of small loops. Nonetheless, the
messages obtained from belief propagation can be used
as a basis from which to expand the contraction of a ten-
sor network as a multi-dimensional sum which contains

“loop-corrected” terms [40].
In the loop-corrected approach the contraction of the

target tensor network T (with tensors or tensor groups
T1, T2, ...TL) upon which message tensors have been com-
puted is written as a sum over 2Nedges configurations
involving the placement of either a rank-1 projector
Pe = M↔↗e ↓ M↗↓e or an anti-projector I ↔ Pe on each
of the edges e of the network. Specifically, letting S de-
note some subset of the set of edges E, we can define the
term

WS =

(
L∏

v=1

Ti

)(
∏

e→S
(I↔ Pe)

)


∏

e→E/S

Pe



 , (6)

involving the placement of |S| anti-projectors in the spec-
ified configuration and Nedges ↔ |S| projectors on the re-
maining edges of the network.
Then, the full contraction of the network is given by

the sum

T =

Nedges∑

i=0

∑

S→(Ei )

WS , (7)

where
(E
i

)
denotes the set of all subsets of the edges of

the tensor network of size i. It is helpful to note that,
due to the fixed point condition on the converged mes-
sage tensors (see Eq. 5), the term WS is zero if there
exists any vertex v for which only one anti-projector is
incident. Since the magnitude of a single termWS should
generically decay exponentially with |S|, an e!cient, but
potentially highly accurate, approximation for the con-
traction of the network can then be found by summing up

Glen Evenbly, et al., "Loop Series Expansions for Tensor Networks", arxiv: 2409.03108 
Tindall, Mello, et al., "Dynamics of disordered quantum systems...", arxiv:2503.05693 
Siddhant Midha and Yifan F. Zhang, “Beyond Belief Propagation…. “arXiv: 2510.02290 
J. Gray et al, “Tensor Network Loop Cluster Expansions…..” arXiv: 2510.05647
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FIG. 3. Top panels: Error ωc — see Eq. 2 — from two- and three dimensional tensor network simulations of a glassy quantum
annealing protocol with di!erent annealing times ta = 7ns and ta = 20ns. The simulation is identical to that performed in Ref.
[17], with the same N = 20 disorder realizations. Error bars correspond to ±ε/

→
N , i.e. the standard error on the mean. The

tensor network is time-evolved with a simple belief propagation-based evolution protocol with a maximum bond dimension ϑBP

used. Expectation values are then obtained from the TNS with either cylindrical message passing or BP loop corrections with
configurations up to a maximum size lmax. a) Cylindrical lattice geometry with ϑBP = 32 and the final state truncated, under
the BP approximation, to ϑ = 10. Message passing is performed with r = 2ϑ. b) Diamond lattice geometry withϑBP = 16 and
the final state not truncated such that ϑ = 16. c) Cubic lattice geometry with ϑBP = 16 and the final state truncated, under
the BP approximation, to ϑ = 10. Bottom panels: Time to run di!erent contraction protocols, on a single Intel Skylake CPU,
versus number of qubits for the di!erent lattice geometries at given annealing times. Tensor network used is that obtained at
the end of the time-evolution protocol (i.e. at t = ta). The state is that obtained following the final truncation, if one was
performed, and has the bond dimension ϑ described above. For MPS messaging passing the MPS rank used is r = 2ϑ.

results from Ref. [17] and a noticeably lower error than
the QPU when using a su!ciently large ω, even for the
longest quench with ta = 20ns. This is because the ex-
tensive two-dimensional tensor network simulations per-
formed in [17], were limited in bond dimension during the
evolution due to the use of more sophisticated, compu-
tationally complex gate-application methods. By solely
using belief propagation during the evolution we are able
to reach a much larger bond dimension ωBP and keep
up with the entanglement generated during the quench
before truncating the final state at the end. Moreover,
instead of taking samples to generate observables we di-
rectly measure them with cylindrical MPS message pass-
ing, allowing us to avoid statistical errors in the observ-
ables we measure whilst maintaining computational ef-
ficiency and computing all O(L2) observables in O(L2)
time.

Error vs System Size - In Fig. 3 we consider all three
lattices and compute the error in our simulations versus

system size. In all cases we perform BP-based gate evolu-
tion before using more sophisticated contraction schemes
to measure observables. In the cylindrical case we com-
pare both MPS message passing and loop corrected con-
traction schemes to compute the relevant observables on
a wavefunction which has been truncated down from with
Belief propagation from ωBP = 32 to ω = 10. In the
three-dimensional cases we compare di”erent levels of
loop corrections, accounting for configurations up to a
certain number lmax of antiprojectors.

In the cylindrical system we observe an error from
message passing which decreases exponentially with the
cylinder size. This is due to the nature of the BP approx-
imation being made on the circumference of the cylinder,
although it should eventually saturate to a non-zero value
commensurate with the bond dimension used for the gate
evolution and the boundary mps rank used to compute
observables. For both annealing times we see the error
scaling to one below that obtained from the Quantum

Can compute 3D quantum dynamics 
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the BP approximation, to ϑ = 10. Message passing is performed with r = 2ϑ. b) Diamond lattice geometry withϑBP = 16 and
the final state not truncated such that ϑ = 16. c) Cubic lattice geometry with ϑBP = 16 and the final state truncated, under
the BP approximation, to ϑ = 10. Bottom panels: Time to run di!erent contraction protocols, on a single Intel Skylake CPU,
versus number of qubits for the di!erent lattice geometries at given annealing times. Tensor network used is that obtained at
the end of the time-evolution protocol (i.e. at t = ta). The state is that obtained following the final truncation, if one was
performed, and has the bond dimension ϑ described above. For MPS messaging passing the MPS rank used is r = 2ϑ.

results from Ref. [17] and a noticeably lower error than
the QPU when using a su!ciently large ω, even for the
longest quench with ta = 20ns. This is because the ex-
tensive two-dimensional tensor network simulations per-
formed in [17], were limited in bond dimension during the
evolution due to the use of more sophisticated, compu-
tationally complex gate-application methods. By solely
using belief propagation during the evolution we are able
to reach a much larger bond dimension ωBP and keep
up with the entanglement generated during the quench
before truncating the final state at the end. Moreover,
instead of taking samples to generate observables we di-
rectly measure them with cylindrical MPS message pass-
ing, allowing us to avoid statistical errors in the observ-
ables we measure whilst maintaining computational ef-
ficiency and computing all O(L2) observables in O(L2)
time.

Error vs System Size - In Fig. 3 we consider all three
lattices and compute the error in our simulations versus

system size. In all cases we perform BP-based gate evolu-
tion before using more sophisticated contraction schemes
to measure observables. In the cylindrical case we com-
pare both MPS message passing and loop corrected con-
traction schemes to compute the relevant observables on
a wavefunction which has been truncated down from with
Belief propagation from ωBP = 32 to ω = 10. In the
three-dimensional cases we compare di”erent levels of
loop corrections, accounting for configurations up to a
certain number lmax of antiprojectors.

In the cylindrical system we observe an error from
message passing which decreases exponentially with the
cylinder size. This is due to the nature of the BP approx-
imation being made on the circumference of the cylinder,
although it should eventually saturate to a non-zero value
commensurate with the bond dimension used for the gate
evolution and the boundary mps rank used to compute
observables. For both annealing times we see the error
scaling to one below that obtained from the Quantum

Quantum annealer
Loop corrected BP method

Competitive with quantum annealer results,  
using scalable methods

Annealing Simulation Results

Correlator errors:

Tindall, Mello, Fishman, Stoudenmire, Sels, 
arxiv:2503.05693 (2025)



Future Directions & Open Questions

What is the limit? 
Can we simulate dynamics of strongly-
correlated electrons in 2D and 3D?
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Can novel dynamics approaches (space + time) 
"influence functional [1]” bring long time dynamics into 
reach?

[1] Park, Gray, Chan, arxiv:2504.07344



Summary

Newly efficient methods for 2D and 3D tensor 
networks are being developed based on message 
passing

Actually easier in high dimensions 
(more neighbors)

Opportunities to study quantum dynamics in 
higher dimensions

Now we are going to work with our own BP + PEPS Code using 
ITensors.jl and NamedGraphs.jl


